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Project Details NACHRICHTENTECHNIK

Objectives:
m Unified exposition of turbo processing and message-passing
philosophies
m Examination of similarities/differences, advantages/disadvantages

m Engineering perspective: finite-length performance rather than
asymptotics
m Performance
m Complexity

Project Start: February, 2019

So Far:

m Design of algorithms based on Expectation-Consistent (EC)
approximate inference

m Variable separation of the problem
m Use of individual variances
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System Model for Compressed Sensing [CRT'06, Don’06] e

Scenario:
m Noisy compressed

measurements y given
A x|+ |nj=1y

Task:
Estimation of signal x

Assumptions:

m Sensing matrix
A € RM™*Y known

m Noise n ~ ./\/‘(O7 (77211]\1)

Random variables in sans-serif font, e.g., x, n, realizations in serif font, e.g., A.
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System Model for Compressed Sensing [CRT'06, Don’06] e

Scenario:
m Noisy compressed

measurements y given
m Pdf of signal x known A i I R i i
Task:

Estimation of signal x

Assumptions: e (w:)

m Sensing matrix
A € RM™*Y known

m Noise n ~ N (0,021)
m Pdf of x separable - ° .

[N

Random variables in sans-serif font, e.g., x, n, realizations in serif font, e.g., A.
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System Model for Compressed Sensing [CRT'06, Don’06] e

Scenario:
m Noisy compressed

measurements y given
m Pdf of signal x known A i I R i i
Task:

Estimation of signal x

Assumptions: e (w:)
b

m Sensing matrix
A € RM™*Y known

m Noise n ~ N (0,021)
m Pdf of x separable - ° .

[N

Random variables in sans-serif font, e.g., x, n, realizations in serif font, e.g., A.
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Expectation-Consistent Approximate Inference [OW'05] e

Task:

Estimation, i.e., calculation of

m First order moments (means): E{x | y}

N
m Second order moments (reliabilty, here averaged): % Z E{x? |y}
i=1

Compact Representation:

Defining (as in VAMP [RSF'19])

N
1
g9(@) =[e1, ..., an,—5 > ad]’ [FSR*+16]

=1

yields a compact formula
Bd{g(x) | v} = [ g(@) e | y) do

Variants of VAMP: Variable Separation and Individual Variances 4



Expectation-Consistent Approximate Inference [OW'05] |\/] | McHrchTeureckik

Idea:
Partition of infeasible problem into subproblems:

Bg(d) | v} = [9(e) Li(@ | v) - foe | v) de

fx|y) =% falzly) - fe(z|y)

Variants of VAMP: Variable Separation and Individual Variances 5



Expectation-Consistent Approximate Inference [OW'05] e

Idea:
Partition of infeasible problem into subproblems:

Ber{o() | v) = [9() Fa(e | v): exp(@Rgle) do

T

fx|y) =% falzly) - fe(z|y)
|

Bun{g() | v) = [9(x) 7 | expl@Bg(@) fo(@|v) da

Replacement of “other” part by member of exponential family [Bro'86, MV'18]

Variants of VAMP: Variable Separation and Individual Variances 5



Expectation-Consistent Approximate Inference [OW'05] e

Usual Separation for CS:
B9 |} = [9(@) 2 expl(—sraT AT Av + £ ATy) exp(0Fg(e) do

fulx|y) =z falely) - [fel@|y)
!
Ben(9() |y} = [9(@) 7 exp(6b () [[TREN d=

Variants of VAMP: Variable Separation and Individual Variances 6



Expectation-Consistent Approximate Inference [OW'05] e

Usual Separation for CS:

B9 |} = [9(@) 2 expl(—sraT AT Av + £ ATy) exp(0Fg(e) do

x| v) = § expl—gira’ AT Az + a"y) - NRED]

Ben(9() |y} = [9(@) 7 exp(6b () [[TREN d=

separable, non-linear
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Expectation-Consistent Approximate Inference [OW'05] e

Usual Separation for CS:

B9 |} = [9(@) 2 expl(—sraT AT Av + ATy exp(0g(e) do

x| v) = § expl—gira’ AT Az + a™y) - [ENRED]

Ben(9() |y} = [9(@) 5 exp(@i9(@) T1Y, fi(w) da

Natural Parameters: [Bro'86]
glx) =[z1, ..., zN, —% Zfil xf]—r
0=\, ..., \n, A T =T AT A=1/02 A=m/od,

Source Parameters:
O'svg = 1/A, m = [ml, ey mN]T = )\/A

Variants of VAMP: Variable Separation and Individual Variances 7



Expectation-Consistent Approximate Inference [OW'05]

Crossover Between Subproblems:

0 0,
Ay

NLE

x| 9) = 3 oxp(- giza AT A+ 4Ty) RG]

0=\ A, A=1/ol,. X\=mifos, Yic{l,...,N}

Variants of VAMP: Variable Separation and Individual Variances 8



Expectation-Consistent Approximate Inference [OW'05]

Crossover Between Subproblems:

e )
lterative Manner _

6, 6
NLE °

x| 9) = 3 oxp(-giza AT Aw +  4Ty) RG]

0=\ A, A=1/ol,. X\=mifos, Yic{l,...,N}
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NACHRICHTENTECHNIK

Processed measure- _ri\ AoB
ments r used solely x NLE
in LE D

fix|y) = L o(—giga’ ATn + 2 4Ty) RG]

0=\ A, A=1/ol,. X\=mifos, Yic{l,...,N}
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Variable Separation for EC WACHRICHTENTECHNIK

So Far: Usual Separation ~~ VAMP [RSF'19]
fu(x|y) = % exp(—#wTATA:B) - exp(r) -

withr = [rq, ..., rN]T = J%ATy

New: Variable Separation ~» more general and flexible [SF20]

x| 9) = exp(—gira’ A7 Aw) - exp( ATDRTTAREN
bexp(—giga 47 42) -err) - TENRED SRR

with separation parameter: v € [0, 1]

Application of EC framework directly leads to respective estimators

Variants of VAMP: Variable Separation and Individual Variances 10



Variable Separation for EC

Resulting Block Diagram:
Ao,A A_
)
g & . @ - @
SR
)\in,A AO’A Y_
r AB As
y—| LAT
- Aa Aa
Xo.B Ain,B

How does the performance change?

Variants of VAMP: Variable Separation and Individual Variances 11



Variable Separation for EC

Sketch of Proof of Invariance:

Ao,A u
&
J LE
@ @
)\in,A AO’A Y_
AB A
Aa A= my/o?
—+ Ao,B Ain,B
U
? NLE

Usual initialization: Ax = 1/02, Aa =my/o2 =0

Variants of VAMP: Variable Separation and Individual Variances 11



Variable Separation for EC

Sketch of Proof of Invariance:

Ao,A u
!
g & . @ - @
N
)\in,A AO’A Y_
r AB AB
y— A"
- Aa )\A:mx/af+(177)r
Ao A

New initialization: Ay = 1/02, Xa =my/oZ +(1 —)r

Variants of VAMP: Variable Separation and Individual Variances 11



Variable Separation for EC

Sketch of Proof of Invariance:

7—>®J

A= my/of+(1 —)r

—,i\ Ao

s

~@C

+
NLE
Ao B

New initialization: Ax = 1/02,

Ar = my/oZ +(1 —)r

Variants of VAMP: Variable Separation and Individual Variances




Variable Separation for EC

Sketch of Proof of Invariance:

Ao, —
| e
L

)\in,A Ao A

r AB
y— L AT

Aa Aa=my /o +(1 —y)r

1 a X —fi\ Ao,B Ain,B

+
NLE
Ao B

s

~@C

New initialization: Ay = 1/02, Xa =my/oZ +(1 —)r
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Variable Separation for EC

Sketch of Proof of Invariance:

Ao,A u
!
R S NN @
S \J)\in,A Ao, A \(_
AB = Ao, A — My 037 1—9)r
Y — 012A-r LA / ( )
- Aa AA
o

New initialization: Ax = 1/02,

Variants of VAMP: Variable Separation and Individual Variances

|

Ar = my/oZ +(1 —)r
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Variable Separation for EC

Sketch of Proof of Invariance:

New initialization: Ay = 1/02, Xa =my/oZ +(1 —)r
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Variable Separation for EC WACHRICHTENTECHNIK

Sketch of Proof of Invariance:

m No change in signals Xo,a, Ao,B, Ao,a, and Ao B
= No change in performance

m Starting point Aa = m, /o7 is optimal for usual separation

= Xa = m,/o2 + (1 — v)r optimal for variable separation

Variants of VAMP: Variable Separation and Individual Variances 12



Numerical Simulation Results NACHRICHTENTECHAK

Setting and Parameters:

m Gaussian sensing matrix A € R™*Y with unit
columns and

m N =258, y=Ax+n
m M =129.
m Signal-to-noise-ratio: 10log,,(1/02) = 17dB n~N(0,021n)
m Pdf of signal x with sparsity s = 12:
m Discrete prior
s N —s s
fy = —9d 1 — 3% —8(x—1
() N($+)+ N ($)+N(33 ) N
m Bernoulli-Gaussian prior fx(x) = fo(xi)
i=1

N —s s 1 2
fu(z) = ———5 — —et/2
(@) = @)+ g 5=e

émxzo,AAzl/Uf:N/s

m 20 iterations performed
m N — s smallest (in magnitude) values are rounded to 0

Variants of VAMP: Variable Separation and Individual Variances 13



Numerical Simulation Results

Performance for Different Starting Points—Discrete Prior:

107 \ \ i i —
B == Aa=1—7)r
1072 e
= 10,3 = = T; = Sgn()\o,B,i/Ao,B)
= B 1 symbol error rate:
_ _ Hzi#2i}
10~* E é SER = 5
10-5 | | | | | |
0 0.2 0.4 0.6 0.8 1
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Numerical Simulation Results NACHRICHTENTECHAK

Performance for Different Starting Points—Discrete Prior:

107! = \ \ \ \ —
<§__G == A=1—-)r
i 0--9--0--6-_g_ 1|-© Aa=0
1072 S\\ E
F ) &
= \ B
I \ ]
o —
o 10-3 s \Q = T; = Sgn()\o,B,i/Ao,B)
= B = 1 symbol error rate:
|- \\ —
—4 | y N _ Hzi#2i}]
1074} o 4SER =l
K—H——H—H——H—X “E—X
105 | | | | | |
0 0.2 0.4 0.6 0.8 1
i
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NACHRICHTENTECHNIK

Numerical Simulation Results

Performance for Different Starting Points—Discrete Prior:

1071 I I I I \ \
— == Aa =(1—9)r
“o--0--6--6-_¢ -0 Aa=0
, Y Ay =r
10~ ~
i)
AY
23
T .
o 10-3 \Q T; = Sgn()\o,B,i/Ao,B)
gl) ' symbol error rate:
\\

B P _ Hzi#2i}]
107%= °\ SER = S5
10-5 | | | L | !

0 0.2 0.4 0.6 0.8 1
Y —
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NACHRICHTENTECHNIK

Numerical Simulation Results

Performance for Different Starting Points—Discrete Prior:

1071 R EE S R T T s e
. i—x—)\A—(l—’y)r
9--0--0--6-_g._ 1-e" iAZO
¢ A=T
—2 A
10 \e -w- Aa ~ N(0, 0—12IN)
\\
1 .
o 10-3 \Q T :Sgn()\o,B,i/Ao,B)
(L}J) A symbol error rate:
\\
10_4 3 \Q\ SER = %
10-5 | | | | | |
0 0.2 0.4 0.6 0.8 1
v —
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Numerical Simulation Results

NACHRICHTENTECHNIK

Performance for Different Starting Points—Bernoulli-Gaussian Prior:

10°
e == Aa =(1—9)r
V,—V' -0- A =0
_ar . Aa=r
10! Y “ v Aa ~ N(0, STy)
v X
1 -
-—V - v‘
(r.}::) normalized mean-squared
= O o r error:
= 10 -0--=C R
0 Ao, B/A I?
S e _ 0,B o,B— %
\G\e NMSE = ol
T o
1071 = s g with || - ||: €2-norm
E \
0 0.2 0.4 0.6 0.8 1
vy —
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Classification

g(x) = [z1, ..., TN, — %Zf;l z2]"

0=\, ..., \n, A 1"T=T, AT
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Classification Zﬂ TUCHRCHTENTEGI

VAMP with [RSF19] ... with average variance and
variable separation [SF20]

fa(@|y) =exp(—gza’ AT Az +r(y))  fa(z|y) =exp(—5zz AT Az +r(y))

fo(@ | y) = [IL, fx(z:) fo(@ | y) =TTiL, fu(@s) - exp((1 — 9)r(y))
g(z) =[z1, ..., N, ]T
0=\, ..., \n, A 1T=[T, AT

...with individual variances
and variable separation [here]

fa(@|y) =exp(—gzz' ATAz +1(y))  falz|y) =exp(—5zz AT Az +97r(y))

. with individual variances

fo(@ | y) = [TL, fx(z:) fo(e | y) = TIL, fx(®i) - exp((1 = 7)r(y))
g(z) = [xl, e xN,fé, fmj\‘]T
O=[\,..., n, Ai,..., AN]T=]AT,AT]T
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Variants of VAMP

Individual Variances and Variable Separation—Straight-Forward Derivation:

AO,A

D

Oor

LEI
A

>\in,A 0,A

Aa Aa

AB

A|:),B

6
DO

Ain,B

Ap

Disadvantage: Worse performance than average variance case
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Reviewing the Crossover

Parameter Connections at LE:
m Before LE: Aai=1/sa:, Aayi =mai/k,;

. 2 2
m After LE: Noni=1/05 001 ANoAi=MoAi/06n,

Crossover:Vic {1, ..., N}

-1
1 1
2 2
A =1/0g,; =NAoa:— Aay, 0B, = < 5 -2 ) )
; AL

Uo,A,z
2 2 Mo, Ai MA i
AB,i = MB,i/0B,i = AoAi —AAi,  MBi=0B; | — — —
O6,A,i SA,i

Procedure known as

m calculation of extrinsics (turbo algorithms)
[RSF19]

[SF18]

m “Onsager” correction (VAMP)

m bias compensation (signal processing)
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MMSE Estimation for NLE

Scalar Estimation Problem:

m Observation X=x4+e

m Estimation noise e~ N(0,02)
e, 02

X X

Variants of VAMP: Variable Separation and Individual Variances 19



MMSE Estimation for NLE WACHRICHTENTECHNIK

Scalar Estimation Problem:

m Observation X=x+e
m Estimation noise e~ N(0,070)
e,0;
J\ i
% \'*'J NLE Mo.B

MMSE Estimates: (Estimation error: e, = x — mo,B)

m Conditional mean mo.s(E) = Ex{x | 7}
m Conditional variance o.8(#) =E{(x —mop)? | 2}
m Mean-squared error (MSE) op = E{con(®)}
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MMSE Estimation for NLE WACHRICHTENTECHNIK

Scalar Estimation Problem:

m Observation X=x+e
m Estimation noise e~ N(0,070)
e,0;
L i
% d_J NLE Mo.B

MMSE Estimates: (Estimation error: e, = x — mo,B)

m Conditional mean mo.5(E) = Ex{x | 7}
m Conditional variance o.8(#) =E{(x —mop)? | 2}
m Mean-squared error (MSE) op = E{con(®)}

Problem: By definition of MMSE estimates: e, L X and e, L m.5(Z)
= Parts of signal x are accounted to ey,
= Remove bias via scaling ~» unbiasing

Variants of VAMP: Variable Separation and Individual Variances 19



MMSE Estimation for NLE WACHRICHTENTECHNIK

Scalar Estimation Problem:

m Observation X=x+e
m Estimation noise e~ N(0,070)
e,0;
/L X Mo,B
X ® NLE unb. Mu,B

MMSE Estimates: (Estimation error: e, = x — mo,B)

= Conditional mean mo.5(Z) = Ex{x| 2}
m Conditional variance so.5(%) = B{(x —mop)? | &}
m Mean-squared error (MSE) op = E{con(®)}
Unbiasing: [SF18, FSG'20]
a Unb. conditional variance  Su(¥) = So.8 + (90/(02 — 1)) (Mo 5(2) — &)
= Unb. estimate mus = (1ot = 1/02) " (mop(&)/0? — &/0?)
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Variants of VAMP (1)

EC with Individual Variances—Improved by MMSE Estimation: [FSG20]

Ao,A u
g
@ i @
1Y )\in A Ao A —
AB Agp
Ax Aa
NLE

Ao,B

Unbiasing:

—1
2
Ap Ab i AB.i
A J— 1 B,i b,i _ AB,i
Ay Ao B,i + Api—AB,i \Abi AB,;

_ AA i
AAi = m()\b,i — AB,i)

Variants of VAMP: Variable Separation and Individual Variances 20



Variants of VAMP (1l1)

Combination—Improved by MMSE Estimation:

Unbiasing:

—1
2
Ap Ab i Aj i
A J— 1 B,i b,i _ Ain,B,i
At Ao B, + Api—AB,i \ Abi AB,i

Ani
Aai = ﬁ()\b,i - )\in,B,i) + (1 - ’Y)Ti

Variants of VAMP: Variable Separation and Individual Variances

Ao,A u
!

LE D

)\O,A —

AB Ap
Ain|B
NLE
Ao,B

pal



Numerical Simulation Results NACHRICHTENTECHNIK

SER over Iteration: 10log;,(1/02)217dB, N = 258, s = 12, discrete prior

— AMP
102 ¢ —— VAMP avg.| 1
—— VAMP ind.
—— Unb.
T 103 |-
e
€3
n
104
0 2 4 6 8 10

Iteration k —
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Conclusion

Summary:
m Review of EC for Compressed Sensing
m Introduction of a variable separation
m Proof of invariance of performance with optimal starting point
m Presentation of correct treatment of individual variances

Conclusion:

m Variable separation gives a new view point on iterative algorithms for
Compressed Sensing

m Individual variances show improved performance compared to average
variances in recovery algorithms for Compressed Sensing if treated
correctly

Outlook:

m Analysis of iterative algorithms based on variable separation /
individual variances

m Complexity analysis
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Project-Related Publications e

[Fis'19] R.F. H. Fischer
Expectation-Consistent Approximate Inference with
Vector-Valued Diagonalization—An Unbiasing Interpretation.
Invited Talk at Workshop on Mathematical Data Science (MDS),
Durnstein, Austria, 2019.

[FSG'20] R.F. H. Fischer, C. Sippel, and N. Gortz.
VAMP with Vector-Valued Diagonalization.
Accepted for IEEE International Conference on Acoustics, Speech,
and Signal Processing (ICASSP), Barcelona, Spain, 2020.

[SF20] C.Sippel and R. F. H. Fischer.
On the Invariance of Recovery Algorithms for Compressed
Sensing based on Expectation-Consistent Approximate
Inference.
Accepted for 24th International ITG Workshop on Smart Antennas
(WSA 2020), Hamburg, Germany, February 2020.
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Algorithm for VAMP

Algorithm 1: Ao 5, Ao.B] = VAMP(y, my, 02, A, 02)

1 T‘ZéATy,AAZ]./O'E, // o‘A—02
2 Ay = my/0? // ma = my
3 while stopping criterion not met do
4 Mo A =02(ATA+02AIN)" (r +AA) // Linear Estimator
5 &2 A= = trace(02 (AT A+ 02ApaIN)"1)/N
6 Ao,A = 1/0’0 A = fct(Aa)
7 AO,A=mO,A/6'g’A=fCt(AA,T‘+}\A)
8 A = Ao A — Aa // &%:(&glA —&%)_1
9 AB =AoA —Aa // mp =3¢ (m° -7
A
10 mo B = ExB{g,(x)} // Non-Linear Estimator
1 Ag 5 = (—2Ex B{gaA(x)} — moT’Bmo’B)/N
12 Ao,B = 1/6’§ B = fct(Ap, AB)
13 >\0,B = mO,B/&g B = fCt(AB,)\B)
14 AAZA()’B—AB // &QA:(A; —_ A12 )_1
95,B B
~ mg
15 AA =AoB— AB /] mp =6% &gf—?—lzf)
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Algorithm for EC with Variable Separation

Algorithm 2: [\, 5, Ao,B] = VAMPvar(y, mx«, 02, A, 62,7)

1 T‘ZéATy,AAZ]./O'E, // o‘A—02
z)\A:mX/o'f-|—(1—’y)’l‘ // mA:mx+Ux( _'Y)"'
3 while stopping criterion not met do
4 moa =02 (AT A+ 02ANIN)" (yr + An) // Linear Estimator
5 &2 A= = trace(02 (AT A+ 02ApaIN)"1)/N
6 Ao,A = 1/0’0 A = fct(Aa)
7| Aowr =mioa o2, = fet(Aa,yr + An)
8 A = Ao A — Aa // &%:(&glA —&%)_1
9 | AB=Xoa—Aa // mp=¢6 (m° - 24
A
10 mo B = ExB{g,(x)} // Non-Linear Estimator
1 Ag 5 = (—2Ex B{gaA(x)} — moT’Bmo’B)/N
12 A ,B_l/&gB =fCt(AB,(1—’y)T+}\B)
13 >\0,B =m0,B/&g’B =fCt(AB,(1—’y)T+}\B)
14 AAZA(,’B—AB // &QA:(A; —_ A12 )_1
95,B B

— _ A mo,B m

15 i AA = Ao,B — AB /] ma =55 ( 32 3 _&_12;3)
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Individual Variances and Variable Separation

Algorithm 3: [\, B, Ao 5] = ECind_var(y, mx, o2, A, 02,7)

1TZJ%ATy:[Tlv"'7TN]TIAA:1/0'3I: // ci’izafVie{l,...,N}
2 A =Aamy+ (1 —~)r // ma =myx+02(1l—)r
3 while stopping criterion not met do
4 Mo =02(ATA+02A7) " (vr + Aa) // Linear Estimator
5 W, A =diag(o2(ATA+02Ax)7Y) /1 02 5 =YonuVie{l,..., N}
6 Ao A= \I’_ = fCt(AA)
7 )\O,A_\I'O,AmO,A:fct(AA,'yr—i-}\A)

- _ 2 _ 1 -1
8 AB—Ao,A AA // UB’i_(UiAi ‘A,i)

Mo i MA,i

9 AB:AO’A—AA // mB,i:U]Q_),,z U(z)AAI ‘:;‘ )
10 mo B = ExB{g\(X)} =[moB,1,.- ~7mo,B,N]T // Non-Linear Estimator
1 forie {1,..., N}do
12 §(2,YB’1- - _2Exi,B{gA,i(Xi)} - mgyB’i
13 Nop,i =1/ g, = fet(Apii, (1 —7)ri + i)
14 Ao,B,i = mo,B,i/Q?’Byi = fet(AB,ii, (1 — ¥)7i + AB,i)
15 Apii =ANo.B,i — ABis // <12\,i = (<21 - — %)71
6 | Aa=Aoa—Ap /1 ma = R (G = )
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Individual Variances—MMSE Improved

Algorithm 4: [\, 5, Ao 5] = ECindMMSE(y, my, o2, A, 02)

1 [L..] // Initialization
2 while stopping criterion not met do
3 Mo =02(ATA+02AA)" (r 4+ Aa) // Linear Estimator
4 W, A =diag(c2(ATA+02AA)7 ) /102 00 =YonuiVie{l, ..., N}
5 Aoa =T, =fct(An)
6 )\O}A:\I';j\mo}A:fct(AA, r+Aa)
7 A =Ag A — Aa //0.2_: 1 D S |
© Byi (Ug,A,i gf\,i)
Mo AL ma g
8 ABZAO,A—AA // mB,i:U%,i(ﬁ_ cf\ ; )
9 moB = Ex5{g\(X)} = [mo,B,1, ---, Mo,B,N]"  // Non-Linear Estimator
10 forie {1,..., N}do
1 §(2,YB’1- = —2Exi,B{9A,i(Xi)} - mg,B,i
12 ‘7123,1' = EmB,i{gg,B,i(mBai)}
13 Nop,i =1/5 5 =fct(Ap, As,i)
14 Xo,B,i = Mo B,i/<5 g ; = fct(Ap,i, AB,i)
15 Ab,i = Mo,B,i /0 ;
o 1 AB,ii Abi Bl 2)71 2 _
16 Anii = (Ao,B,i +(x Ap,i—ABii (Ab,i AB i ) 1/ SAi T
A i
17 L )\A,i = m()\b,i - )\B,i) // mA,; = fct(§(2,,B,i7U%,i7mo,B,i,mB,i)
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Algorithm for EC with Combination—MMSE Improved

Algorithm 5: [\, 5, Ao ] = ECindMMSE_var(y, mx, oz, A, 02, 7)

1 [L..] // Initialization
2 while stopping criterion not met do

3 mo A =02(ATA+02AA) " (vr + Aa) // Linear Estimator
4 W, A =diag(c2(ATA+02AA)7 ) /102 00 =YonuiVie{l, ..., N}
5 Aoa =W} =fect(An)

6 Ao, A = \I';j\moyA = fct(Aa,yr + Aa)

7 Ap =Ao A —Ap // 0123,1' :(1/U§,A,i_1/§12\,i)71
8 AB = >\0,A —AA // mB,; = U%’i(mo,A,i/UgyAyi - mA,i/CE\Yi)
9 Ain,B = (1 — ’y)r + AB // Min B = Agl}\in’B
10 Mo B = Ex3{g,\(X)} = [Mo,B,1s --» Mo,B,N] " // Non-Linear Estimator
1 forie{1,..., N} do

12 SoB.i = 2B B{oni(xi))} —m? g

13 ‘712),1' = Emin,B,i{gg,B,i(min,B,i)}

14 Ao, =1/5 5, =fct(Ap,i, (1—7)ri + Xp,i)

15 Xo,B,i = Mo,B,i/St 5. = fct(Ap,i, (1 —=7)ri +XAB,i)

16 )\b,i = mo,B,i/Ugyi

- Ani = (ol + (oo G = e ™ g =
18 Ay = ﬁ(kbz— Ain,B,i) + (1 =) /] mp ;=
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