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Abstract

This paper is concerned with the construction of atomic decompositions and Ba-
nach frames for subspaces of certain Banach spaces consisting of elements which are
invariant under some symmetry group. These Banach spaces — called coorbit spaces
— are related to an integrable group representation. The construction is established
via a generalization of the well-established Feichtinger-Grochenig theory. Examples
include radial wavelet-like atomic decompositions and frames for radial Besov-Triebel-
Lizorkin spaces and radial Gabor frames and atomic decompositions for radial mod-
ulation spaces.
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1 Introduction

The study of time-frequency analysis and wavelet analysis of functions on R? that are
invariant under a symmetry group was started in [18]. There the author raised the question
whether it is possible to exploit the symmetry in order to reduce complexity, improve
approximation quality etc. in Gabor or wavelet analysis.

Imagine that a function f on RY, which has some symmetries, is represented by a Gabor
or wavelet expansion. Then the functions (translates and dilates or modulations of a
single function) in the expansion will not all (actually nearly none of them) obey the same
symmetry properties as f. So one might ask whether it is possible to find a Gabor-like
frame or wavelet-like frame (for the subspace of L?(R?) consisting of invariant functions)
such that each frame element itself is invariant under the symmetry group.



In case of radial symmetry in R? Epperson and Frazier successfully constructed radial
wavelet frames which even serve as atomic decompositions for subspaces of Besov spaces
and Triebel-Lizorkin spaces consisting of radial functions [5]. Kiithn et al. used this radial
atomic decomposition to establish results concerning compact embeddings of radial Besov
spaces in [16]. In dimension 3 radial orthonormal wavelets were constructed in [20] using
the concept of a multiresolution analysis. However, concerning radial Gabor frames there
seems nothing to be known up to now.

Both wavelet theory and time-frequency analysis can be treated simultaneously using
representation theory of locally compact groups. In this abstract setting the theory for
the continuous transform in the presence of invariance under a general symmetry group
was developed in [18]. The symmetry group is realized as compact automorphism group
of the locally compact group whose representation coefficients generate the continuous
transform. As examples, the continuous wavelet transform and the short time Fourier
transform (STFT) of radial functions on R? were discussed in detail. A radial function
can be described by some function on the positive halfline Ry and it turned out in [18]
that the continuous wavelet transform and the STFT of a radial function can be computed
by an integral transform on R,, which involves a generalized translation in case of the
wavelet transform and some kind of a generalized combined translation and modulation
(formula (4.4) in [18]) in case of the STFT. Both of these ”generalized operations” are
given as integrals and in particular the generalized combined translation / modulation
turns out to be quite complicated.

The (stable) discretization of the "radial wavelet transform” and the "radial STFT” ac-
tually means the construction of frames, where each frame element is given as some gen-
eralized translation or as some generalized translation / modulation of a single function.
In order to attack the discretization problem, the first idea would probably be to pro-
ceed analogously to the classical wavelet and Gabor theory. And in fact, in case of radial
wavelets in R3 this approach was successful [20]. However, in arbitrary dimension and for
radial Gabor frames the direct approach seems hopeless because of the complicated form
of the combined generalized translation / modulation. So one has to look for different
approaches.

In the classical setting (i.e., without symmetry group) Feichtinger-Grochenig theory has
proven to provide a general and very flexible way to construct coherent atomic decom-
positions and Banach frames for certain Banach spaces, called coorbit spaces, which are
related to the continuous transform [9, 10, 11, 13]. This approach makes heavy use of
group theory and, thus, it is quite abstract. However, the final outcome is a very elegant
solution to the discretization problem. In particular, regular and irregular Gabor and
wavelet frames are included as examples. Moreover, not only Hilbert space theory is cov-
ered but also atomic decompositions and Banach frames of Besov-Triebel-Lizorkin spaces
and of modulation spaces are provided. So it also provides a new aspect of the theory of
function spaces.

Motivated by its success, it seemed very promising to attack the problem of constructing



frames, where each frame element is invariant under some symmetry group, by generalizing
the Feichtinger-Grochenig theory. And in fact, this paper presents the results of this
approach. As in [9, 10, 11, 13] we make use of coorbit spaces CoY. These are Banach
spaces related to the corresponding wavelet transform, which is given by matrix coefficients
of some integrable unitary group representation of a locally compact group G. Typically
the coorbit spaces are smoothness spaces of distributions, for example Sobolev spaces.
Since here we are only interested in elements (distributions), which are invariant under
a symmetry group A, we consider the subspaces CoY 4 consisting only of those. We will
then proceed analogously to the classical papers of Feichtinger and Grochenig [10, 11, 13]
and shall finally establish coherent atomic decompositions and Banach frames for CoYy
(Theorems 7.1 — 7.3). We emphasize that every element of this atomic decomposition or
Banach frame will itself be invariant under A. In particular, radial wavelet frames and
radial Gabor frames will be covered by the corresponding theorems as examples. Since
in case of the Heisenberg group (with the STFT as corresponding transform) the coorbit
spaces are the modulation spaces, we obtain atomic decompositions for radial modulation
spaces, which were not known before.

We remark that Dahlke, Steidl and Teschke developed a generalization of Feichtinger-
Grochenig theory into another direction [2, 3]. In their approach the parameter space of
the transform is not a group anymore but a homogeneous space. A further generalization
was recently provided by Fornasier and Rauhut [12]. Their starting point is an abstract
continuous frame.

The paper is organized as follows. In Section 2 we introduce notation and certain prelimi-
naries. Hereby we try to keep as close as possible to the classical papers [10, 11, 13] and to
[18] in order to make comparison easy. In Section 3 we define the coorbit spaces and their
subspaces of invariant elements and state some elementary properties. In order to establish
the atomic decompositions we shall need a so called invariant bounded uniform partition
(IBUPU) of unity as one of the main tools. We show in Section 4 that such IBUPUs exist
for every locally compact (o-compact) group and every compact automorphism group. As
another important tool we will need Wiener amalgam spaces on G and their subspaces
of invariant elements. These will be discussed in Section 5. The atomic decompositions
and Banach frames will be established using certain operators on functions on G that ap-
proximate the convolution. As in [13] we will use three different approximation operators
which will lead to an atomic decomposition, to a Banach frame and to the existence of a
"dual’” frame. These operators will be discussed in detail in Section 6. Finally, in Section
7, after all preparation, we shall establish atomic decompositions and Banach frames. For
reasons of length, the detailed discussion of examples will be postponed.

2 Notation and Preliminaries

Let G be a locally compact group and A be a compact automorphism group of G, such
that A acts continuously on G, i.e., the mapping G x A — G, (z, A) — Az is continuous.



We denote the left Haar measures on G and A by p and v, where v is assumed to be
normalized. However, we usually write dxz and dA in integrals. The modular function on
G is denoted by A and the left and right translation operators on G by L, F(z) = F(y~'x)
and R,F(z) = F(zy). Furthermore, we define two involutions by FV(z) = F(z~!) and
FY(x) = F(x~1). The action of A on functions on G is denoted by Fa(z) = F(A 'z),
A € A, and the action on measures 7 € M(G), the space of complex bounded Radon
measures on G (the dual space of Cy(G)), by 7a(F) = 7(Fs-1), A € A, 7 € M(G),
F e C()(g)

The functions (measures) which satisfy Fi4 = F for all A € A are called invariant (under
A). A standard argument shows that the Haar-measure p and the modular function A are
invariant under any compact automorphism group. For a function (measure) space Y on
G we denote the subspace of invariant elements by Y :={F € Y, F4 = F for all A € A}.
An invariant function on G can be interpreted as a function on K := A(G) the space of all
orbits of the form Az := {Az, A € A},x € G. The orbit space K becomes a topological
space by inheriting the topology of G in a natural way [1, 15, 18].

For some positive measurable weight function m on G we define the weighted space L}, :=
{F measurable, Fm € LP} with norm ||F|L},|| := ||F'm|LP|| where the LP-spaces on G are
defined as usual.

We recall some facts about the convolution of invariant functions from [18].

e The convolution of two invariant functions (measures) is again invariant, in particular
Ma(G) = M(K) is a closed subalgebra of M(G) and LY(G) = LY(K, 1) is a closed
subalgebra of L'(G), Where ﬁ is the projection of the Haar measure onto I, i.e.,

Jic F(Az)dii(Az) = [ F(

e Define the generalized left translation by
L,F(x /F (y z)dA = eqy * F(2)

Whenever this expression is well-defined a.e., for instance for F' € C(G). Hereby,
eay(F) = [, F 4 F'(Ay)dA denotes the 'invariant Dirac’ measure. Then £, maps in-
Var1ant funct10ns onto invariant ones, and the convolution of two invariant functions
F, G may be expressed by the formula

FGlz) = /g F(y)L,G(@)du(y) = /K F(AY)LAG)di(Ay)  (21)

whenever the convolution is defined.

e Define an involution on K by (Az)™ := A(z~!). Then (K, *,”) is a hypergroup, more
precisely an orbit hypergroup (see also [1, 15]).

In this paper we will work with Banach spaces of functions on G which will usually be
denoted by Y. Similarly as in [13] we will make the following assumptions on Y.
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1. Y is continuously embedded into Lllo .(G), the locally integrable functions on G.

2. Y is solid, ie., if F € L, (G),G € Y and |F(z)| < |G(x)| a.e. then F € Y and
IEY I < [IGIY]l

3. Y is invariant under left and right translations. We may hence define the two
functions u(z) := ||L,|Y — Y| and v(z) := |[Ry,—1|Y — Y|A(z~!). Clearly, u(zy) <
u(z)u(y) and v(zy) < v(z)v(y), i-e., v and v are submultiplicative. Additionally, we
require that v and v are continuous. Under these assumptions it holds, see [10, 19]

LlxY cY, |[FxGY|<|F|LY|GY| forall Fe L, GeY (2.2)
and

Y*L:cY, |FxGY|<|FIY||G|LL| forall FeY,Ge L. (2.3)

4. A acts continuously on Y. Without loss of generality we may assume that u(Ax) =
u(z) and v(Az) = v(x) for all A € A. (In case this is not true define an invariant
norm on Y by [|[F|Y|" := [, [[Fa|Y[|dA. Since A acts continuously on Y this is an
equivalent norm on Y.) Then Y4 is a closed non-trivial subspace of Y. (To see that
there is a non-trivial element contained in Y start with a positive non-zero function
FinY and let F'(x) := [, F(Ax)dA, which clearly is invariant.)

Examples of such spaces include Lb,-spaces with invariant moderate weight function m,
certain mixed norm spaces on G etc., see also [13].

We will always associate a weight function w to Y which is defined by
w(z) = max{u(z), u(z™"),v(z), v(@ A}

Then as consequence w is continuous, w(zy) < w(z)w(y), w(z) > 1 and w(Azr) = w(zx)
for all A € A and = € G. Furthermore, by (2.3) it holds

YLy CY, |[FxGIY[| < |FIY[G]Ly]- (2.4)

We further assume that we have given a unitary, irreducible (strongly continuous) repre-
sentation 7 of G on some Hilbert space H and some unitary (strongly continuous) represen-
tation o (not necessarily irreducible) on the same Hilbert space H such that the following
basic relation is satisfied (see also [18, 19]),

m(A(z))o(A) = o(A)m(x). (2.5)

In other words, we require that the representations 74 := wo A are all unitarily equivalent
to 7 and that the intertwining operators o(A) form a representation of A.



For f € H we let fa = o(A)f and Hy := {f € H, fa = [ for all A € A}, the closed(!)
subspace of invariant elements. We always assume that H 4 is not trivial. The wavelet
transform or voice transform is defined by

Vof(x) = (f,m(x)g)-

It maps H into C%(G), the space of bounded continuous functions on G. With an element
g € H4 we denote by V; the restriction of V; to H 4. We recall some facts from [18].

e For f,g € H4 the function f/gf is invariant under A, i.e., f/g maps H_4 into ng(g).
e For z € G we define

(x) == /Aﬂ(Ax)dA

in a weak sense. This operator maps H 4 onto H 4 and depends only on the orbit of
x under A, i.e., 7(Bx) = 7(x) for all B € A. Furthermore, it holds

Vof(2) = (f,7(2)g)24- (2.6)

e The operators 7(x) form an irreducible representation of the orbit hypergroup K.

e We have the following covariance principle

Vo(m(2)f) = LoVyf.

We further require that m is integrable which means that there exists a nonzero element
g € 'H such that fg |Vgg(z)|de < oo. This implies that 7 is square-integrable, i.e., there
exists g € H such that fg |Vy f(z)]2dz < oo for all f € H. Such a g (corresponding to the
square-integrability condition) is called admissible. We list some further properties from
[4] and [18] that hold under the square-integrability condition.

e There exists a positive, densely defined operator S such that the domain D(S) of S
consists of all admissible vectors and the orthogonality relation

é%mm%hmm:w%wmmm

holds for all f1, fo € H, g1, 92 € D(S5).

e As a consequence, if [[Sg|| = 1 we have the reproducing formula
Vol = Vof xVyg (2.7)

and, of course, the same formula holds also for f/g.



e The space span{m(z)f,x € G} is dense in H for any non-zero f € H and
span{7(x)f,x € K} is dense in H 4 for any non-zero f € H 4.

e The operator S commutes with the action of A, i.e., 0(A)S = So(A) for all A € A.
Furthermore, D4(S) := D(S) N H 4 is dense in H 4 and S maps D4(S) into H 4.

e For g € D4(S) with ||Sg|| = 1 we have the following inversion formula on H 4

;= /K T, f )i ()g diity), | e Ha (2.8)

where the integral is understood in a weak sense.

Example 2.1. Consider the similitude group G = R? x (R* x SO(d)) with d > 2 where
R’ denotes the multiplicative group of positive real numbers. We introduce the following
operators on L*(R%),

Tacf<t) = f(t - .’L‘), Daf(t) - aid/Qf(t/a)’ URf(t) = f(Rilt)a
fort,x € R, a € R%, Re SO(d), f € L?*(RY). Then the operators
m(z,a,R) = T,D,Ug, (r,a,R) € R x (R%. x SO(d)) =G

form an irreducible unitary square-integrable representation of the similitude group on
H = L?(R?). The corresponding voice transform is the continuous wavelet transform

Vif o) = (fn(o.a.Rig) = a2 [ pgla R E— )t

The compact subgroup A = SO(d) of G acts on G by inner automorphisms. It is trivial to
check that the restriction o = m|go(a) is a representation of SO(d) on L?(RY) satisfying
(2.5). The space H 4 of invariant vectors is then given by the space of radial L?-functions,
L2 RY) = {f € L2(RY), f(R™'t) = f(t) for all R € SO(d)}. The operators 7(z,a, R)
depend only on |x| and a and they are given by

7?(3:, a, R) = T|I|Da

where T4, s € [0,00), denotes a generalized translation which is defined by

n(0) = /S (- s6)ds(e), tew

Here, S=1 denotes the unit sphere in R?, |ST—1| = I?ZTTd//;) its surface area and dS the

surface measure. This operator maps radial functions onto radial ones. As a consequence
of (2.6), the continuous wavelet transform of a radial function with respect to a radial



wavelet can be computed by an integral over [0, 00) involving the operators 5. Writing the
radial function f € L2 4(R?) as f(t) = fo(|t|) for some function fo on [0,00) it holds

Sd2 .
() = {5l [ /T BT = )

For further details and for an example connected to time-frequency analysis of radial func-
tions we refer to [18, 19].

For technical reasons we further assume without loss of generality that G is o-compact.

3 Coorbit spaces

Given a function space Y on G with associated weight function w the set of analyzing
vectors is defined by
w = {g € H, Vyg € L,(9)}

and its subspace of invariant elements by
Ay = Ay NHu = {g €Ma, Vyg € L, (G)}.

We shall always assume that Aﬁ is not trivial and consider only those weights w (resp.
function spaces Y) for which this is the case. Since 7 is irreducible, the elements 7(x)g,
x € G, span a dense subspace of H and

Vi(w)e(m(2)9)(y) = (m(x)g, 7(y)m(z)g) = Veg(z~'yz) = LoRaVeg(y).

Since L} is left and right invariant we conclude that 7(x)g € A,, whenever g € A,,. Hence,
A, is a dense subspace of H and A is a dense subspace of H 4.

Fixing an arbitrary non-zero vector g € A;Z\ the space H}, is defined by
={feMH, V,feL}

with norm

£ 1Ml = Vg flLull-

Its subspace of invariant elements is given by
(HL)a = HaANH, = {f € Ha, Vof € LL}.

In [10] it is proven that the definition of H} is independent of the choice of g € A,, with
equivalent norms for different g. Clearly, A,, C HL and A7t C (H})4 and hence, M) is
dense in H and (HL)4 is dense in H 4.

As an appropriate reservoir of elements for the coorbit spaces we take the space (HL)™" of
all continuous conjugate linear functionals on H} (the anti-dual space). We extend the



bracket (-,-) to (H1)? x HL by means of (f,g) = f(g). We remark that by taking the
anti-dual instead of the usual dual we can formally use the bracket in the same way as in
the Hilbert space H and all formulas carry over without change. Note that the anti-dual
can always be identified with the dual via the mapping J : (HL) — (H.)?, J(f)(h) =
f(h),h € HL. Further, we also extend the bracket on L*(G) by (F,G) = Jg F(2)G(z)dx
for F e L7,(9),G € LL(G).

With the usual identification of elements in H! with elements in the anti-dual we have
the continuous embeddings

HL ¢ H c (HL)™
We also need the anti-dual ((HL)4)7. Define a map ~: ((HL)4)" — (K1) by f(g) :=
f([494dA), g € H},, where [, gadA defines an element of (H,,)4 in a weak sense. The
map ~ establishes an isometric isomorphism between ((H.)4)" and ((HL)7)4, the space
of all functionals f in (H!)7 that satisfy f(ga) = f(g) for all A € A and g € H.. We may
therefore unambiguously write (HL) ).
Since Vy(m(z)g) = L, Vyg and since L, is translation invariant all elements 7(z)g,z € G,
are contained in H} whenever g € HL. The action of 7 on H., can hence be extended
to (ML) by the usual rule (7(z)f)(g) = f(r(z=1)g) for f € (HL)7, g € HL and it is
reasonable to extend the voice transform to (H.)™ by

Vof(2) := (f,m(z)g) = f(n(x)g), [€(Hy)"g €My
Clearly, in the same way Vj extends to (H}) .
For more details on ‘H} and (HL)™ we refer to [10]. The results there carry over to the
subspaces (HL)4 and (HL) .

Definition 3.1. For a fized non-zero g € Aﬁ we define the coorbit of Y under the repre-
sentation w by
CoY = {fe (HL), V,feY}

with natural norm
[f1CoY[| := [V, fIY.
Further, the closed subspace of invariant elements is defined by
CoYy := (Hy)aNCoY = {f € (My)a, Vaf € Ya}.

with induced norm.

It is proven in [10] that CoY is a Banach space which is independent of g € A,, (with
equivalent norms for different ¢g’s) and in some sense there is also independence of the
weight function w. Namely, if wy is another weight function with w(z) < Cws(x) then
replacing (H,,)" in the definition of CoY” with (M, )" results in the same space. Clearly,
the analogous statements hold for CoYy.

A central role plays the following proposition which is an easy adaption of Proposition 4.3
in [10] using the fact that the convolution preserves the A-invariance.



Proposition 3.1. (Correspondence principle)

(a) Given g € A2 with ||Sg|| = 1, a function F € Yy is of the form f/gf for some
f € CoYy if and only if F' satisfies the reproducing formula F' = F x Vg.

(b) f/g : CoYy — Y establishes an isometric isomorphism between CoY 4 and the closed
subspace YA xVyg of Y4, whereas F +— F xVyg defines a bounded projection from Y4
onto this subspace.

(¢) Buvery invariant function F = F % V,g is continuous, belongs to Li’?w(g) and the

evaluation mapping may also be written as F(x) = (F, fo/gg> = (F, Exf/gg>.

We remark that in all places where the convolution appears one should have formula (2.1)
in mind.

Examples of coorbit spaces include the homogeneous Besov spaces B ’q(Rd), the homo-
geneous Triebel-Lizorkin spaces F¥'?(R%) and the modulation spaces MP(R%). The first
two examples are connected to the similitude group G = R? x (R% x SO(d)) and the
third example is connected to the Heisenberg group, for details see [9, 13], and [21] for
the corresponding characterizations of Besov-Triebel-Lizorkin spaces. When the automor-
phism group is SO(d) the corresponding coorbit spaces CoY50(q) include subspaces of
BYYRY), FP9(RY) or MPY(R?) consisting of radially symmetric distributions on R%. For
details on how SO(d) acts on the Heisenberg group or the similitude group we refer to
[18].

4 Invariant bounded uniform partitions of unity

Our main task is to find atomic decompositions of the invariant coorbit spaces CoYy, i.e.,
we look for discretizations of the inversion formula (2.8) for V. In [10] the concept of a
bounded uniform partition of unity has been proven useful. In order to adapt this tool
to our case we require that all functions belonging to the partition of unity are invariant
under A. This leads to the following definition.

Definition 4.1. A collection of functions ¥ = (¢;)icr, i € Co(G) is called A-invariant
bounded uniform partition of unity of size U (for short U-A-IBUPU) if the following
conditions are satisfied:

(1) 0 < i(x) <1 foralliel and x € G,

(2) > icrti(z) =1 forallz € G,
(8) Vi(Ax) = Yi(x) for allz € G,A € Aji €1,
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(4) there is a relatively compact neighborhood U = A(U) of the unit e and there are
elements (z;)ic; C G such that

suppv; C A(x;U) = U A(z;U),
AeA

(5) sup.cg#{i €I | z € A(z;Q)} < Cq < o0 for all compact sets Q C G.
We remark that condition (5) is equivalent to condition (5):
sup#{i € I | supp¢; Nsupp; # 0} < C < 0.
jel
If the automorphism group is trivial, i.e., A = {e}, then the definition above reduces to
the one of a BUPU in the sense of [10].
In the sequel we will prove the existence of arbitrary fine IBUPUs on every locally compact

group. A first step is the following lemma whose proof is an adaption of the one in [17].

Lemma 4.1. Let A be a compact automorphism group of a locally compact, o-compact
group G and let V.= V~1 = A(V) be a relatively compact neighborhood of e € G with
nonvoid interior. Then there exists a countable subset X = (x;);c; C G with the following
properties

(1) G = User Alz:V).
(2) For all compact sets K1, Ky C G there exists a constant C > 0 such that

sup#{i € I, A(yK1) N A(z; K3) #0} < C < 0.
yeg

Moreover, X can be chosen such that for any set W = W=1 = A(W) with W? C V it
holds
Az W)NA(z;W) = 0 foralli,jel,i#j. (4.1)

Proof: For property (1) we first consider the case that G = [J;2 ; V". We choose z1 :=e.
Now form K®) :=V2\ V. If K® = § (only possible if G is compact) then we are ready,
since then G = V. Otherwise choose 5 € K and form K® := V2 \ (V U A(z,V)). If
K®) £ ( choose x5 € K®). Continuing in this way one obtains

v2c | JA@V)
i=1
with z; ¢ UZ;% A(z;V). Let us estimate the size of No. If W = W= = A(W) is a
relatively compact neighborhood of e with W2 C V then at most |V2W|/|W| of such
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z;W it into (V2)W. Then JN? z;W? and N2 A(z;W?) are coverings of V2. Hence,
Ny < |V2W|/|W].

Now consider K(N2+1) = V3\ (JN2 A(z;V) and choose zx, 1 € KN2+D (if K(N2+1) £ (),
Inductively we obtain a covering

i=1

If G is compact then the covering is finite. It is easy to see that property (4.1) holds for
the set X = (x;)er-

In the general case we may write G = (J,c g sGo (disjoint union) where Gy = J;—; V" is
an open and closed subgroup of G (consisting of (possibly several) connected components
of G including the connected component of the identity). Since G is o-compact the set
S’ C G is countable. However, it is not clear whether A keeps invariant each connected
component sGy. To take care of this fact we form Gs := A(s)Gp. Now, we may write
g = UseS Gs (disjoint union) for some subset S C S’ and treat every Gy similarly as

above. Namely, start with 2§ := s and put K® = A(sV?2)\ A(sV) (this really is a subset
of G5 by our construction!) and take x5 € K§2) and so on. The rest is analogous to the

above construction.

Let us now prove that property (2) holds for the set X constructed above. Suppose that
z € A(yK1) N A(x; K2) # 0 with y € G for some ¢ € I. Then z = Ay (y)k1 = Az(z;)ke with
A, Ay € A and kj € A(K;),j = 1,2. Denoting A;, = A;' Ay we immediately deduce
A;y(z:) € yA(K1 K5 ') and hence A; , (2,)W C yA(K1K, ')W. The property (4.1) implies
in particular ;W Nax ;W = (). Furthermore, the number of non-overlapping sets of the form
zW that fit into yA(K, K, )W is obviously bounded by |A(K; Ky ')W|/|W|. Altogether

we obtain
#{i € I, A(yK1) N A(xiKs) # 0} <#{i € I, A;y(z))W C yA(K1 Ky YW}
< |-’4(K1K271)W|‘
- W]

This completes the proof. |

A set X with the property (1) in Lemma 4.1 is called V-dense and a set X with property
(2) relatively separated. If both properties hold then X is called well-spread (with respect
to A).

Now we are ready to settle the problem of existence of IBUPUs.

Theorem 4.2. Let G be a locally compact, o-compact group, A be a compact automorphism
group of G and U = A(U) be an open relatively compact neighborhood of e € G. Then
there exists a U-A-IBUPU in the sense of definition 4.1.
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Proof: Choose V. = V=1 = A(V) such that V? C U and X = (x;);e; according to
Lemma 4.1 with the additional property (4.1) (where we construct X with respect to V'
and not with respect to U!). For every i € I let ¢; € C.(G) be such that ¢;(z) = 1 for
x € A(z;V'), supp ¢; C A(z;U), 0 < ¢i(z) < 1 for all x € G and ¢;(Az) = ¢;(z) for all
A€ Az € G. (Such a function exists: Take any function p; that satisfies all properties
except the invariance and put ¢;(z) = | 4 Pi(Az)dA. Then ¢; is invariant and still satisfies
all other properties.) By property (2) in Lemma 4.1 (applied for K1 = K3 = U) and since
the sets supp ¢; cover G we have

1< @) =) ¢i(z) < C < 0.
el
Now set 1;(x) := ¢i(x)/®(x) € C.(G) yielding >, ; ¥i(x) = 1 for all z € G and suppv; =
supp ¢; C A(z;U). The invariance under A of the functions t); is clear and the finite
overlap property (5) follows from property (2) in Lemma 4.1. [ |

5 Wiener amalgam spaces

As another tool we shall need Wiener amalgam spaces. The idea of these spaces is to
measure local and global properties of a function at the same time. For the definition we
have given a Banach space B of functions (measures) on G and some solid, left and right
invariant BF-space Y. Using a non-zero window function k € C.(G) (most commonly a
function that satisfies 0 < k(z) < 1 and k(z) = 1 for x in some compact neighborhood of
the identity) we define the control function by

K(F,k,B)(z) = |(Lk)F|p, =z€G, (5.1)

where F is locally contained in B, in symbols F' € By,.. The Wiener amalgam W (B,Y)
is now defined by
W(B,Y) := {F € B, K(F,k,B) € Y}

with norm

IEIW(B,Y)| == [K(Fk, B)[Y].

It has been shown in [8] that these spaces are two-sided invariant Banach spaces which do
not depend on the particular choice of the window function k. Moreover, different window
functions define equivalent norms. For the various properties of Wiener amalgam spaces
see [6, 8, 10, 11, 14].

Replacing the left translation L, with the right translation R, in the definition (5.1) of
the control function leads to right Wiener amalgam spaces W (B,Y).

We state two convolution properties that will be essential for our purpose.

Proposition 5.1.

13



(a) (Proposition 3.10 in [10]) Under our general assumptions relating Y and w we have

W(M,Y)« WH(Co, Ly,) C Y,
l* GIY || < Cllulw (M, V)| |GIWH(Co, Ly,

(b) (Theorem 7.1(b) in [11]) There exists a constant D > 0 such that

Y « W(CO>L11U) - W(Co,Y),
IF« GIW (Co,Y)|| < DIIFIY|[|GIW (Co, Lyl

Note that a function F is contained in W (Cp, L)) if and only if FV is contained in
W (Co, Ly,) and |[F|WT(Co, Ly, )|| = [|[F|W(Co, Ly,) |-

As always throughout this paper we further assume that A acts isometrically on Y and B.
Then A clearly acts also isometrically on W (B,Y') and we may define the closed subspace

Wa(B,Y) := {F € W(B,Y), Fy = F for all A € A},

and analogously for the right Wiener amalgams. Since the convolution of two A-invariant
functions (measures) is again A-invariant we may replace each function (measure) space
in Proposition 5.1 by its subspace of invariant functions.

We will need two sequence spaces related to Wiener amalgams. Later on these will serve
for the characterization of coorbit spaces via atomic decompositions and Banach frames.
For a well-spread family X = (x;);c; with respect to A, a relatively compact set U = A(U)
with nonvoid interior and a solid BF space Y we define

Y = Y4h(X) = {()\i)iebz‘)\i’X.A(in) €Y}
iel

with natural norm

IOierlVAI = 1D Palxa@o Y,
iel

where X 4(z,0) denotes the characteristic function of the set A(x;U). Further let
a; = |A(z;U)|
and define the space
Yi = YAX) = {(Nier, (a7 No)ier € Y4}

with norm
I(A\)ier YAl = [[(a; " Ao)ier[YA-

(According to the later use of these spaces, ’d’ stands for (atomic) decomposition and b’
stands for Banach frame.) Note that the numbers a; are always finite since U is relatively
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compact and A is compact, hence, A(x;U) is relatively compact. By solidity of Y it is
immediate that also Yj and Yfl are solid. Note that a;,7 € I, is constant in case of the
trivial automorphism group, and then both spaces Yj and Yj coincide, of course. Similarly
to the classical case one shows that Yf‘ and Yj do not depend on the particular choice of
the set U and different sets define equivalent norms. The following lemma is useful for
this task.

Lemma 5.2. Let U = A(U) and V = A(V) be invariant relatively compact neighborhoods
of the identity. Then there exist constants C1,Cy > 0 such that C1|A(zV)| < |A(zU)| <
Co| A(zV)| for all z € G.

Proof: By compactness there exists a finite number of points y; € G,j = 1,...,n, such
that V' C U7_,Uy;. Since V = A(V) and U = A(U) it holds

A(@V) = (Az)V C Ul (Az)Uy; = Uj_1 A(xU)y;

yielding
[A@V) <Y JA@U)y;] <Y Aly))AU)| = O A@U))-
j=1 j=1
Exchanging the roles of U and V yields a reversed inequality. |

IfY = LD,(G),1 < p < oo, with invariant moderate weight function m then Y3(X) = £ (1)
and Y4(X) = 5, (I) where

vp(i) = mz)al?,  my(i) = mla;)a/"

and [|(N)ier|ltn (D] = (C,er |\i|Pm(i)P)1/P with the usual modification for p = co. We
have in particular v (i) = mq(i) = m(x;).

Let us now derive a different characterization of Yj. To this end we define for a positive
window function k invariant under A the function

mele,2) = Kean b M)(:) = [EReacl = [ KT A@)aa
=L.k(z) = LkY(2).
Since k is assumed to be invariant, my is invariant in both variables. Further, if suppk C U
we have supp my (-, 2) C A(2U) and suppmy(z,-) C A(zU~1). Moreover, if k = k" then
mk(ﬂf, Z) = mk(Z, Jj)

If £ = xu is the characteristic function of some set U = A(U) then m,,, =: my has a
geometric interpretation, i.e., my(z, z) is the size of the set

Ky(z,z) :={Ac A| 2 'Az c U}

(measured with the Haar-measure of A), which can be interpreted as the normalized
'surface measure’ of Az N zU in the orbit (’surface’) Az. We provide a technical lemma
concerning the function my;.
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Lemma 5.3. Let U =U"' = AU and Q = Q' = AQ be open relatively compact subsets
of G. Then
my(z,2z) < mysg(y,z)  forally € A(zUQ),x € G. (5.2)

Proof: If x ¢ suppmy(-,z) C A(zU) there is nothing to prove. Because of the .A-
invariance of my and mysq it suffices to prove that my(z,2) < mysg(y, 2) if z € 2U,
y € 2zUQ. The latter means x = zu, and y = zu,q for some elements u,,u, € U,q € Q.
Hence, = = yq_luglux =: yq~'v € yQU?. Now suppose A € Ky(z,z2), i.e., 27 1Az € U
implying 2z~ 'A(yq~'v) € U. This gives 2 1 A(y) € UA(v=1)A(q) € U3Q since AU = U

and AQ = @ by assumption. Hence, Ky (z,2) C KUaQ(y, z) and my(z,z) < mUaQ(y, z).

|
Now we are ready to prove the announced characterization.
Lemma 5.4. There are constants C1,Cy > 0 such that
d d
Crll)ien YAl < 11D Iilmu (i, ) [Yall < Coll(M)ier| YA, (5.3)

i€l
i.e., the expression in the middle defines an equivalent norm on Yj{.

Proof: We claim that it suffices to proof (5.3) for characteristic functions k& = yy for a
relatively compact neighborhood U of e € G satisfying U = A(U) = U~!. Indeed, if k is
an arbitrary non-zero and positive function in (C.) 4(G) then there exists a neighborhood
U=U"!= A(U) C G of e and constants Cy,Cy > 0 such that

Cixv(z) < (Lyk)(z) < CoXsupp Lyk forallz € G

for some suitable y € G. The set V := A(supp(Lyk) U (supp(Lyk))™!) is a relatively
compact neighborhood of e satisfying V.=V~ = A(V) and Xeupp £,k < xv. This implies
Ciymy (z,2) < mpp(z, 2) < Comy(z, 2) for all z, 2 € G. Since mp x(7, 2) = mg(x, zy) and
Y is right translation invariant this shows the claim.

So we assume U = U~! = A(U) to be a relatively compact neighborhood of e. By
invariance of the Haar measure under left translation and under the action of A we obtain

g AJg

_ /g /,4 X1 (L A1) dAx (0,0 () = / my (ai, ¢)de

A(z:U)

_ / m (s 2)de < / g (y, 2i)dz = |AxU) mys (2, )
A(z;U) A(z;U)

for all y € A(x;U?) by choosing Q = U in inequality (5.2). Thus we have

UIXA@:0)(¥) < WUIXA@u2)(Y) < [A(@iU)|mys(zs,y)  forally € G.
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To obtain a reversed inequality we choose again Q = U. For all € G, Lemma 5.3 yields

bﬂwﬂﬂﬂmvﬁmw)zt/ Tmﬂﬁwﬁﬁ/ﬁt/ sy, 2:)dy
A(z;U?) A(z;U?)

/ /Mm M@<// ey = 0N G
I U2 A(xz

Hereby, we used again the invariance of the Haar measure under A. Since supp my (z;,-) C

A(z;U) we obtain
Az, U)|mu (i, y) < U xa@u)(y) forally €g.

By solidity of Y and since the definition of Yj does not depend on the choice of the set U
with equivalent norms for different choices (see also Lemma 5.2) we finally get inequality
(5.3). [ |
As an easy consequence we obtain the following.
Lemma 5.5. For some well-spread family X = (x;);c; the measure

Z )\if.Aa:i

el

is contained in Wa(M,Y) if and only if A = (X\;)ier is contained in Y 3(X) and there are
constants C1,Cy < 0 such that

CUIAYAN < [lualWa(M, V)| < Ca|AJYA].

Proof: Clearly, the supports of the L,ke4,,;,%? € I, are not overlapping for any z € §G.
Hence, for the control function applied to ua it holds

K(pa b, M)(2) = 1Y NiLzkeas e = [ Xilmg(ai, 2
i€l i€l
From this the assertion follows easily with Lemma 5.4. |

We summarize some further statements concerning Wiener amalgam spaces and our newly
defined sequence spaces in the following lemma.

Lemma 5.6.

(a) If the bounded functions with compact support are dense in Y, then the finite se-
quences are dense in Yj{ and in Yj.

(b) Let U be some relatively compact neighborhood of e € G and let r(i) := |A(z;U)|w(x;).
Then YA is continuously embedded into ll/
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(c) IfG € WE(CO, L) and (;)ier is well-spread (with respect to A) then (L., G(x))ier €
1L for all x € G with r as in (b).

Proof: The assertion (a) is immediate. For (b) observe that by solidity and left translation
invariance of Y we obtain

IxolY T = Ly xaw VI < w(@i)xeu VI < w@)llxaeo Yl
This gives
il A )| Hixo Yl < wla) [Nl AU xa@o) Y]

<w(@) Y X IAG@T) ™ Y)Y = w(@i)l|(A)jerl YAl
jel
and the claim is shown.

For (c) recall (e.g. from the proof of Proposition 3.10 in [10], see also Proposition 3.7. in
[10]) that G € WE(Cp, L) has a decomposition G = 3", -y Rz, Gn with suppG, C Q =
Q™! = A(Q) (compact) and

Y Gullcw(z) < CIGIW(Co, Ly,

neN

By the definition of mg we have [L;, * G ()| = |€ 4(z;) * (XQGn)(7)] < [|Gnllomq (i, 7).
Hence, we obtain the estimation

D 1La G@)w(z) | A@iU)| <Y Y leats) * BeyGal@)w(@i) | A(eU)]

el i€l neN

neEN i€l n

The inner sum runs over the finite index set
Lin={iel,z; e Alzz,Q)}.

Since (z;)ier is well-spread it holds |1, ,| < Cg < oo uniformly for all z,n. For each i € I
we may write x; = xz,q; for some ¢; € @, hence w(z;) < w(x)w(z,)w(q). Further, it
follows from (5.4) that mq(z;, 22,) < C'|A(x;U)|~t for some suitable constant C" > 0.
Thus, we finally obtain

D 1L, G(@)|w(@i)|Alw:U)] < w(z)C'Co Supw ) Y 1Gallocw(zn) (5.5)
icl neN
which finishes the proof. |

Note that (5.5) implies that the function x — >, ; L4, G(z)w(x;)|A(2;U)] is contained in

L‘f?w(g). Essential in later estimations will be the following inequalities.
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Lemma 5.7. Suppose F' € W4(Co,Y) and ¥ = (¢;)ier to be some U-A-IBUPU with
corresponding well-spread set X = (x;);cr. Then

1D Flaa)dil Wa(Co, Y)II < A(U)IIFIWa(Co, V)
il

and
I(F(z:))icrlYAl < v(U)C|FIW.a(Co,Y)|| (5.6)

for constants v(U),C < oo. If U waries through a family of subsets of some compact
Uy C G then y(U) is uniformly bounded by some constant .

Proof: We proceed similarly as in [13, Lemma 4.4]. Without loss of generality we assume
that a characteristic function x¢ for some relatively compact neighborhood Q = Q=1 =
A(Q) of e € G is taken for the definition of the norm of W(Cp,Y ). We obtain for the
control function

K |F ()i, xq: Co)(x) = [I(Laxq) Y |F ()il = H(x).

icl i€l
The sum in the last expression runs only over the finite index set
Lo ={ie LLrQN A(z;U) #0} = {i € I, A(z;) N 2QU ' # §}.
Since F' is A invariant and since (¢;);es is a partition of unity we therefore have
H(x) < |[(LaXqu-1)Fllso = K(F. xqu-1, Co)(@).

Since different window functions define equivalent norms on W (Cp,Y) (see also [8]) there
exists a constant y(U) such that

1K (F, xqu-1, Co)[Y|| < v(U)||K(F, xq,Co)|Y] (5.7)
We finally obtain

1D 1F @) [l Wa(Co, V)| = 1K 1F(xi)|vi, x@: Co)lYall
iel iel
<K (F, xqu-1, Co)[Yall < v(U)IIK(F, xq, Co)lYall = ~»(U)[|F|Wa(Co,Y)l|.

To prove inequality (5.6) one proceeds analogously using
I(F (:)ier YA < 1> F(@i)Xa@o | Wal(Co, Y,
el
which is easily seen with the finite overlap property of the well-spread family (x;).e;s.

In order to show the assertion on «(U) we need to give a prove of (5.7) that provides
an estimation of the constant v(U) (which is actually hard to extract from the proof in
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[8]). Since QU1 is relatively compact there exists a covering QU1 C Ji_; 2, Q for some
points z; € G. If V.= V! is such that V2 C @ then the points 2,k = 1,...,n, can be
chosen such that
QU'V|
n < ——.

-V

Indeed, choose a maximal set of points z, € QU™', k = 1,...,n, such that the sets
2,V C QU 'V are mutually disjoint. Then the maximal number n is given by (5.8) and
the sets z;V? (and hence also the sets 2;,Q) cover QU L. With this we get the estimation

(5.8)

K (F,xqu-1,C0)(@) = [[(Laxu-1)Fllss < ) (Lox2Q)Fll
k=1

n

<D Tenx@)Fllo = Y Ry K (F,xq, Co) (@),
k=1 k=1

and hence

1K (F, xqu-1, Co)lY || <) 1R, K (F, xq, Co)l Y|
k=1

< w(z) | K(F,xq, Co)lY |-
k=1

Thus, it holds

QU'V]

n
v(U) < w(zg) < n sup w(z) < sup w(z).
z::l 2eQU-1 VI equ—
If U runs through a family of subsets of some Uy then «(U) is clearly bounded. |

To conclude this section we apply the previous Lemma in order to make a statement on
sample values of V, f if f is contained in some coorbit space. Before, we need to introduce
the ’'better’ space of analyzing vectors

By, = {g € Ay, Vog € WA(Co, Ly,)}- (5.9)

Theorem 5.8. Suppose g € B*. Then f/gf € W4(Co,Y) forall f € CoYy. If X = (x;)ier
is a U-dense well-spread family then

(Vo f (@3))ier| Y]l < v(U)C|| f|Co¥all

where the constant C' depends only on g.

20



Proof: Without loss of generality we may assume [|Sg|| = 1. By Proposition 3.1 we have
Vof = Vyf * V49 and hence with Proposition 5.1(b) we obtain

IV FIWA(Co, V)| = [IVyf * VaglWa(Co, Y)II < D|Vyf[Yall Vagl WA (Co, Ly)|l-
Lemma 5.7 finally leads to

(Vo f (za)ierl YA <A (U)[VyfIWa(Co,Y)
<(U)D|| Vgl W4 (Co, Ly,)I| | f|CoYal-

6 Discretization of Convolutions

In the following we shall approximate the convolution operator on Y4, which acts as the
identity on Y4+ G, i.e., the image of CoY 4 under Vj. So define for G € WE(CO, Ll) (later
we use G = V,g)

T:Yy—Yy TF ::F*G:/F(y)Edey.
g

For some arbitrary A-IBUPU W = (1;);c; we approximate 7" by one of the following
operators

TyF = (F, LG,

el

SgF = ZF($1)¢Z * G,
el

U\I;F = chF(xl)EzzG,
el

where ¢; = fg Pi(x)dz.
Let us first consider the operator Ty. We show that Ty is a bounded operator from Yy

to Y4 by splitting it into the analysis operator F' — ((F,1;))ic; and synthesis operator
(Mi)ier = D jer Mile;G and treating each part separately.

Proposition 6.1. Let U = U~' = A(U) be a relatively compact neighborhood of e € G.
For any U-A-IBUPU (1;)icr and corresponding well-spread family X = (x;)ics the linear
coefficient mapping F +— N = (\;)ier where A\; := (F,1;) is a bounded operator from Y
into ij(X), i.e.,

IAYAl < ClIF|Yal.-
The constant can be chosen C' = Cy'||xysy|LL(G)|| < oo where k = xv is chosen as
window function for the definition of the norm of Yj and C1 is the constant from Lemma

5.4.
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Proof: Suppose F' € Y4 and xy to be the window function for the definition of Yj for
some open relatively compact set V = V1 = AV. Since suppmy(-,y) C A(yV) the
function
H(F.y) = S (IF) iy (z6,)
i€l
is a finite sum over the index set I, := {7, z; € A(yV)} for every y € G. Hence, we obtain
using Lemma 5.3 in the third step

H(F,y) = / P ()63 () oy (2, )
1€l
=/ @Y il WMJMS/ F(@)mysy (e, y)dz
1€l A(yVU)

ﬁF|/ww @nidds = [ [ Ly (an) P iia

= [ Lo @IF @l = 1Fl o )

By solidity of Y, Lemma 5.4 and (2.4) we finally conclude
IAYA <CUYUHE, YAl < CUHIIF] Xy [Yall
<CTHIFIYall Ixveu Ly (9)])-
|

Proposition 6.2. Let X = (z;)ier be a well-spread set in G (with respect to A) and let
Ge WE(CO, LL). Then the mapping

A= (Nier = Y ALy, G
el
is a bounded, linear operator from YX(X) into Y satisfying
1D Nl GIYall < CIGIWE(Co, Ly I IAIYA]
i€l
with some constant C' independent of A. The sum always converges pointwise, and in the

norm of Y if the finite sequences are dense in Yj.

Proof: Put pup = ) ;o7 Mi€as;. By Lemma 5.5 this measure is contained in W4(M,Y").
Furthermore, it holds Y \;£;,G = pua*G. Hence, by Proposition 5.1(a) and again Lemma
5.5 we have

1D AL, GIYall <ClpalWa(M, )| |GIWE(Co, Ly,
il
< CO |AIYAINIGIWE(Co, L) -
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If the finite sequences are dense in Yj the norm convergence in Y is clear. Since le C
159, (Lemma 5.6(b)) and (L,,G(7))ies € I} (Lemma 5.6(c)) for all z € G where r(i) =
w(x;)| A(z;U)| the pointwise convergence follows by li—li’?r—duality. [ |

Corollary 6.3. Suppose that ¥ is a U-A-IBUPU and xv is taken as window function for
the definition of the norm of Y4. Further assume G € WX (Co, LL). Then Ty is bounded
fromY intoY with operator norm

ITw]Y — Y| < Cllxvus|Ly (@) |GIW(Co, Ly, )|
where C' is some constant independent of G,U and V.

Proof: The assertion follows from Propositions 6.1 and 6.2. [ ]

If U C Uy then a U-IBUPU is also an Up-IBUPU and hence we immediately obtain the
following corollary.

Corollary 6.4. The family of operators (Ty)y where ¥ runs through a system of Up-
IBUPUs is uniformly bounded.

We shall make use of the following maximal function (see also Definition 4.5 in [13]).

Definition 6.1. If U C G is a relatively compact neighborhood of e then

Gl(z) = sup |G(uz) — G(z)]|

is the U-oscillation of G.

We remark that Gﬁ is invariant under A whenever G is invariant und U = A(U). In [13]
one finds the following lemma.

Lemma 6.5. ([13, Lemma 4.6])

(a) A function G is in WE(L>®, LL) if and only if G € L), and Gf; € L. for some (and
hence for all) open relatively compact neighborhood U of e.

(b) If, in addition, G is continuous (i.e., G € WR(Cy, LL)), then

lim ||GHILL|| = o. 6.1
Uﬁ{e}\l UL | (6.1)

(c) If y € 2U, then |L,G — L,G| < LyGﬁ holds pointwise.

Corollary 6.6. If G is A-invariant and y € A(zU) then |L,G — L,G| < EyGi holds

pointwise.
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Proof: Since y — L,G is invariant under A it is enough to consider y € zU. In this case
it holds by Lemma 6.5(c)

|L,G — L,G|(2) = ‘/ Gy tAz) —G(m_lAz)dA’
A
< / |L,G(Az) — L,G(Az)|dA < / L,GH(Az)dA = L£,GF(2).
A A
|

For the following we consider families of operators Ty where W runs through a system of
IBUPUs. We write ¥ — 0 if for the corresponding neighborhoods U of e it holds U — {e}.

Theorem 6.7. Assume that V = (¢;)ier is a U-A-IBUPU for some set U = A(U) and
G € WE(Cy, LL). Then it holds

IT = TulYa = Yall < IGEILL
and as consequence of (6.1)

\%iir}o 1T — Ty|Ya— Y4l = 0.
Proof: We have

ITF — Ty F| =

3 /g Fly)i(9)(LyG — La,G)dy

el

> /g F(y)[1(9)| £, — Lo, Gldy.

el
Since supp ¢; € A(z;U) we obtain with Corollary 6.6
rr-Tor| < Y [ PGl = [ 1F@IeGEay = 171G}
el

and finally by (2.4)
ITF — Ty F|Yal|l < |F|Yall |GEILL ]

This gives the estimate for the operator norm. |

Let us now consider the operators Sy and Tiy. Let us first prove their boundedness.

Proposition 6.8. Suppose that ¥ is a U-A-IBUPU.
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(a) If G € (LL) 4 then Sy is a bounded operator from W4 (Cy,Y) into Y4 and
1w |Wa(Co,Y) = Yall < y(U)IIG|Ly|
where y(U) 1is the constant from Lemma 5.7.
(b) If G € WE(CO,L%U) then Uy is a bounded operator from W(Co,Y) into Y4 and
1T |Wa(Co,Y) = Yall < ¥(@)UIGILy [l + IGH L) (6.2)
where y(U) 1is again the constant from Lemma 5.7.

Proof: (Analogously to the proof of Proposition 4.8 in [13]) (a) We use the convolution
relation (2.4), the norm estimate |[F|Y|| < ||[F|W(Cp,Y)| (Lemma 3.9 (a) in [10]) and
Lemma 5.7 to obtain for F' € W4(Cy,Y)

ISwEYall = 1D Flaa)i) * GIYall < 1) FlaiwilYall IGILy,|

icl 1€l
<Y Fa)eil Wa(Co, VIHGILy || < 1) | FIWa(Co, V) IGILy].  (6.3)

el
(b) Since supp ¢; C A(x;U) we may estimate by Corollary 6.6
’CiﬁmiG_¢i *G‘ = ‘/g@/’i(y)(ﬁriG_ﬁyG)dy‘ < /gl/}i(y)ﬁyG#dy = *Gﬁ
Hence,

U F = SuF|Yall =11 F(ai)(cile, G — i * G)|Yal

el
<Y 1F (@) i) * GEIYall
el
As in (6.3) we obtain
U F = Sy F|Yall < y(U)[|FIWa(Co, V)| |IGF Ly, (6.4)
giving (6.2) by the triangle inequality and (6.3). [ |

For the analysis of the operator Sy we need to restrict to the subspace Y4 * G, where in
the original setting G = V,g with ||Sg|| = 1 implying G = GV = G * G.

Theorem 6.9. Suppose that G € W1 (Co, LL) with G = GV = G+ G and that ¥ is a
U-A-IBUPU. Then

IT - Se|YaxG — Yax G| < |GEILLIIGILL.

In particular, it holds limy_.q |7 — Su|Y4*x G — Y4 x G| = 0.
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Proof: (Similar to the proof of Theorem 4.11 in [13]) Suppose F' € Y4 * G. Using the
reproducing property '« G = F and the convolution relation (2.4) we obtain

ITF — Sy F|Yal < |[F = F(zi)slYall |G Ly
el
Since F' € Y x G C W4(Cy,Y) (Proposition 5.1(b)) the expression on the right hand side

is well-defined by Lemma 5.7. Moreover, if y € A(z;U) one obtains as in [13] (additionally
using the A-invariance of F') |F(y) — F(z;)| < |F| * (G#)V( ) and hence

= Faiy) <D IF@) - Fa)lbily) < Y 1F*(GH)Y @)iy)

iel icl iel
=|F| = (G])" ()
Finally this gives
ITF = S F|Yall < [IF] % (GH)IVal IGILll < | FIYall IGE LG G
The last assertion of the theorem follows with Lemma 6.5(b). [ |
Theorem 6.10. Suppose that G € W1(Co, LL) with G = GY = G G and let U be a
U-A-IBUPU. Then
I7 = Us Y G = Yax G|l < IGEILy ] (IGILy] ++(U)DIGIWE(Co, L))

where y(U) is the constant from Lemma 5.7 and D is the constant in Proposition 5.1(b).
In particular, it holds limy_q |7 — Ug|YA4 *x G — Y4 % G| = 0.

Proof: (Analogous to the proof of Theorem 4.13 in [13]) Suppose F' € Y4 x G. Using the
reproducing formula F'« G = F, (6.4) and Proposition 5.1(b) we obtain

|Ug F — Sy F|Yal| <y(U)|F|IWa(Co,Y)|| |GEILL]
=(U)||F * GIW.A(Co, V)| |GEILL |
<y(U)D||F|YA|l |GIWE(Co, LY |GEILL.

Together with Theorem 6.9 and the triangle inequality we obtain the desired estimation.
Since y(U) < 79 when U runs through a family of subsets of some Uy (Lemma 5.7) the
last assertion follows from Lemma 6.5(b). [ ]

7 Atomic decompositions and Banach frames

After all preparation we establish atomic decompositions and Banach frames for the coorbit
spaces CoY 4 in this section. As usual Y has an associated weight function w. Also recall
definition (5.9) of B;}. We remark that one can easily adapt the proof of Lemma 6.1 in
[9] to show that B! is dense in H 4. In particular, there exist non-trivial vectors in B.
Analogously to Theorem T in [13] we obtain the following.
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Theorem 7.1. Suppose that g € B with ||Sg|| = 1 and let G := V,g. Choose further a
relatively compact neighborhood U = U~ = A(U) of e € G such that

IGEILLI < 1. (7.1)

Then for any U-dense well-spread family X = (x;)icr (with respect to A), the coorbit space
CoY 4 has the following atomic decomposition: If f € CoYy4, then

=S M)
el
where the sequence of coefficients A(f) = (Ni(f))ier depends linearly on f and satisfies
IAH)IYAL < CillfICoY Al

with a constant depending only on g.
Conversely, if A = (X\;)ier € Y3, then f = Y icr Ait(xi)g is contained in CoY4 and

If1CoYall < Col|AIYAN.

The sum converges in the norm of CoY 4 if the finite sequences are dense in Yj and in the
weak-+-topology of (HL,) y otherwise.

Proof: The restriction of the operator TF := F x G to the closed subspace Y4 * G is the
identity since G = G x G by the reproducing formula (2.7). By the assumption on G#
and Theorem 6.7 we have || — Ty|Y4 % G — Y4 x G|| <1 and, hence, Ty is invertible on
Y4 * G (by means of the von Neumann series). Further, if f € CoY4 then \79 feYaxG
and

Vof = TuTy ' Vof =) (T " Vaf i) La,Vyg
el

Since L., V,g = V,(7(x:)g) and since V, is an isometric isomorphism between CoY, and
Y4 x G (Proposition 3.1) we obtain

f="Y (T Vo i) (wi)g.

el
Set \; := <Tq71f/gf, ;). Since T\Ijlf/gf € Y4 x G C Y4 we conclude from Proposition 6.1
I(A)ier[ YAl < ClITy Vo fIYall < CITy ' Ya — Yall | £1CoYal.
For a converse inequality we apply \N/g to the series to obtain
F(z) :=V, (Z )\ﬁr(xi)g> () = > XLy, G(x). (7.2)
icl el

27



Since Y§ C 197, with r(i) = w(z;)|A(z;U)| and G € WE(Cp, LL) the right hand side of
(7.2) converges pointwise and defines a function in L35, (G) by (5.5). By Theorem 4.1(v)
in [10] the pointwise convergence of the partial sums of F' implies the weak-*-convergence
of f:=Y,c; Aift(2;)g. Once f is identified with an element of (H},) 4 it belongs to CoY4
by Proposition 6.2 (which also implies the stated type of convergence). The constant Co
equals C||G|WE(Cy, LL)|| where C is the constant from Proposition 5.1. [ |

The next theorem establishes the existence of Banach frames for CoY, analogously to
Theorem S in [13]. In contrast to the preceding theorem the corresponding sequence space
will be Y} instead of Y, which is a difference to the classical theory [13], where the
corresponding spaces for atomic decompositions and Banach frames coincide.

Theorem 7.2. Suppose that g € B with ||Sg|| = 1 and set G := ~gg. Choose further a
relatively compact neighborhood U = U~ = A(U) of e € G such that

1

IGEILLI < T
v 1G] L

(7.3)

Then for any U-dense well-spread family X = (z;)icr in G the set {7(z;)g,i € I} is a
Banach frame for CoY . This means that

(a) f € CoYy if and only if ({f,7(x:)g))icr € Y};
(b) there exist constants Cy,Cy > 0 depending on g € Bir such that
CulfICoYall < I((f, 7 (z)g))ier YAl < CallfICo¥all;

¢) there exists a bounded linear operator Q : Y% —  CoYa, such that
A

Q(f,7(x:)))ier) = f for all f € CoY. If the finite sequences are dense in Y}
then this reconstruction is performed by the series

f="> (f7(x)g)e (7.4)

el
with elements e; € (HL1)4,i € I, and with convergence in CoYy4.

Proof: By Theorem 6.9 condition (7.3) implies that Sy is invertible on Y4 * G. For
F =V, f it therefore holds

el
By the correspondence principle (Proposition 3.1(b)) we obtain
f=Vglsy! <Z<f,fr<xi>g>wi *G) : (7.6)

i€l
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This is a reconstruction of f from the coefficients ((f,7(z;)g))icr. The reconstruction
operator may be written as (2 = f/g_lSilTH where H : Y} — Y is defined by H((\;)ier) =
> icr Aithi. Since 1; < X g(z,v) the operator H is bounded by definition of Yfl' Hence, also
Q) is bounded as the composition of bounded operators.

Setting Y = L7, shows that any f € Co(L‘fjw)A = (HL) 4 (Corollary 4.4.(a) in [10]) can

be reconstructed as in (7.6). Now, if for f € (ML), it holds (Vyf(zi))ier € Y4 then the
series in (7.5) converges to a function in W4(Cp,Y) * G C Y4 * G by Lemma 5.7. By

the invertibility of Sy on Y4 * G the function V, f is therefore contained in Y4 * G, hence
f € CoYy. Together with Theorem 5.8 this shows (a).

From (7.5) we obtain the equivalence of norms,
If1CoYall = IIF|Yall < |18y [Ya* G — Yax G| Y Flai)ti* GIYall
el

<SS Flaa)al YAl GILy | < 1155 Y 1F (@) XA YAl GLLy |
iel iel
=85 I IGILy IHI(E (@) )ier YAl < v(U)CISG G Loy || | fICoYall.

We hereby used (2.4), the definition of Y{(X) and Theorem 5.8.

The proof of (7.4) in case that the finite sequences are dense in Yfl is completely analogous
to the proof of Theorem S in [13] and hence omitted. [ ]

Finally the next theorem establishes the existence of ’dual’ frames.

Theorem 7.3. Suppose that g € B> with ||Sg|| = 1 and set G := V,g. Choose further a
relatively compact neighborhood U = U~ = A(U) of e € G such that

IGEILLI (IGILL ||+ v DIGIWE(Co, L)) < L. (7.7)

Then for any U-dense and relatively separated family X = (x;)ier the set {7(x;)g,i € I}
is both a set of atoms and a Banach frame for CoY 4. Moreover, there exists a ’dual frame’
{ei,i € I} C (HL) A such that

(a) the following norms are equivalent
IFICoYall = [|((f, e))ier[YAll = N((f, 7(2:)9))ier | YAl (7.8)

(b) for f € CoY it holds
f=> (fedi(z)g,

i€l
with norm convergence in CoYy, if the finite sequences are dense in Yj{ and with
weak-x-convergence otherwise;
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(c) if the finite sequences are dense in Yj, then the decomposition
F =Y 7(@)g)es
el
is valid for f € CoYy4.

Proof: Similarly as in the two previous proofs condition (7.7) implies by Theorem 6.10
that the operator Uy is invertible on Y4 * G. For f € CoY4 and F =V, f we have

F = UgUy'F = (Uy'F)(2)eile,G (7.9)
el
and
F =Uy'UyF = Uy' (Z F(xi)ciﬁxiG> : (7.10)
i€l

Now one proceeds similarly to the proofs of Theorems 7.1 and 7.2, i.e., (7.9) leads to
an atomic decomposition of CoY 4 and (7.10) leads to Banach frames. However, the norm
estimates are slightly different since the numbers ¢; are not bounded from above in general
as it is the case in the classical theory [13].

So starting from (7.9) we define \;(f) = ¢i(Ug'Vyf)(z;)  yielding
[ =2 icr Ai(f)@(xi)g. Moreover, since suppt); C A(z;U) it holds ¢; < a; = |A(x;V)|
if U C V and we assume without loss of generality that such a set V' is chosen for the defi-
nition of Yﬁ. Further, we have U\ITIF € Wa(Co,Y)NY4+G by Proposition 6.8. Altogether
we obtain using Lemma 5.7 and Proposition 5.1(b)

I ier YAl < I Vo) (@i)ierl YAl < [Ug Vo fIWA(Co, Y|
= [[(Uy Vg f) % GIWA(Co, Y)|| < DIUG Vo f [Yal IGIWE(Co, L, )|
<||UGHYa* G — Yax G |[GIWAE(Co, Ly,)I| | f|CoYall. (7.11)

The converse norm estimate is the same as in the proof of Theorem 7.1.

Beginning with (7.10) the norm estimate in the proof of the Banach frame property goes
as follows,

I£1CoVall = IVafIVall = 1Ug O eV f (i) Lo, G YAl

iel
<NUGHYax G = Yax Gl Y eiVyf (@i)ea,) * GIWa(Co, V)|
iel
<G 1Y~ eiVof (@i)eas, [Wa(M, V) |GIWE(Co, L) |

icl
< CIUG N IGIWE(Co, LI (S, 7 (i) g)ier YAl
<CyONNUG | IGIWE(Co, Ly I 1 F1CoYall.
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Hereby we used Proposition 5.1(a), Lemma 5.4, ¢; < a; and again Theorem 5.8.

Now set E; := c;Ug"(Ly,G), then E; € (LL) 4+ G and E; = V,(e;) for some unique
ei € (HL)a. From (7.10) it follows f = Y, ;(f,7(zi)g)e; provided the finite sequences
are dense in Yﬁ.

As in [13, Theorem U] we claim that

Xi(f) = ai(Ug"'Vof) (i) = (f,e)

yielding together with the correspondence principle f = >, (f, e;)7(z;)g (with weak-*-
convergence, and if the finite sequences are dense in Yj with norm convergence). For the
sake of completeness we repeat Grochenig’s arguments [13].

Since Uy 'F € Y1+ G we have Uy ' F(x;) = (Ug ' F, L,,G) by Proposition 3.1(c). Tt follows
that Uy satisfies (UyF, H) = (F,UgH) for all F € Y * G, H € L}, x G-

(UsF,H) = eiF(x:)(Le,G, H) = ci{F, L2,G)(L,G, H)

el i€l
=Y ¢H(x:){L,G, F) = (F,UyH).
el

Hence, the same relation applies to Uy " = >-°° (Id—Uy)" and we conclude (U ' F, £,,,G) =
(F,Uy'L,,G). Finally,

ci(Ug ' F)(xi) = (F, iUy Lo, G) = (Vof, Vyes) = (f,ei).
By Proposition 6.2 we have the norm estimate

IFICoYall =11 _{fsei)La,GIYall < CIGIWE(Co, Li) | I((f. e0) )ier| YA
iel
< CIGIWE(Co, L) (Uy ' F)(@i)ier| YAl
<C|UG YA G — Yax G| |GIWE(Co, Ly)|I* | £1CoYall

giving the first equivalence in (7.8). Hereby we used ||(c;\)|Y§]| < [|(Ai)ier|Y5]. The
second equivalence of (7.8) follows as in (7.11). [ ]

So with these three theorems we settled the existence of atomic decompositions and Banach
frames for coorbit spaces consisting of invariant elements. Moreover, given an element
g € B, with (7.1), (7.3) and (7.7) we have explicit conditions on the density of the point
set (x;)ier such that (7(x;)g)ier forms a set of atoms and/or a Banach frame. Hereby, we
have quite some freedom for the choice of (z;);c;. We only have to make sure that it is a
U-dense and relatively separated set (with respect to A).

When one takes G = R? x (R%. x SO(d)), its representation on L?(R?) (the corresponding
transform being the continuous wavelet transform) and as automorphism group the SO(d)
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(see also [18]), then Theorems 7.1 - 7.3 yield atomic decompositions and Banach frames
for subspaces of the homogeneous Besov spaces BY (R?) and of the homogeneous Triebel-
Lizorkin spaces FF9(R%) consisting of radial functions. In particular, if g is contained
in B (for instance a radial Schwartz function with infinitely many vanishing moments)
then Theorem 7.3 implies the existence of constants a > 0,b > 1 such that the system
{Tap-ikDy-i9,k € No,j € Z} forms a Banach frame and an atomic decomposition for
BPY(RY) and FP9(RY). Hereby, 7 denotes the generalized translation defined in Example
2.1. We emphasize again that each element of this Banach frame is a radial function.
Also the atomic decomposition developed in [5] is of the same type as in Theorem 7.1.
However, Theorems 7.1 - 7.3 show that we have much more freedom on the choice of g
and on the point set than in [5], where g is Supposed to be compactly supported in the
Fourier domain and the point set is (23 Tnei, 2! ) jelneN where z,, is the n-th zero of some
Bessel function of the first kind and e; the first unit vector.

Taking G to be the d-dimensional Heisenberg group, A = SO(d) and the Schrodinger-
representation on L?(R?) (see [18] for details) we obtain atomic decompositions and Banach
frames for subspaces of the modulation spaces MY ?(R) consisting of radial functions. Of
course, also here each element of the atomic decomposition and the Banach frame is a
radial function [18]. Such atomic decompositions were not known before and will be
studied in detail elsewhere, see also [19].

Of course, Hilbert space theory is also contained in our abstract theorems yielding (Hilbert)
frames for H 4. However, in order to fit into the classical frame theory, we have to renor-
malize. If Y = L?(G) then Y4 = I2 where v(i) = 1/2 = |A(z;U)|"/2. Theorem 7.2 yields
(under the stated conditions)

CillfHall < D f a7 (@i)g)|* < Coll FIHAll

el

Hence, {\/a; 7(z;)g,i € I} is a frame (in the usual sense) for H 4 with frame constants
C1, Cs.

8 Acknowledgement

Most parts of this paper were developed during a very fruitful and enjoyable stay at the
NuHAG group at the University of Vienna which was partially supported by the European
Union’s Human Potential Programme, under contract HPRN-CT-2002-00285 (HASSIP).
I would like to express my gratitude to all the NuHAG members for their very warm
welcome. Especially, I would like to thank Prof. Hans G. Feichtinger for inviting me to
Vienna and for very interesting discussions. Also, I am very indebted to Frank Filbir
for pointing out the idea to investigate radial time frequency analysis which actually
started this research project. Further I would like to thank the graduate program Applied
Algorithmic Mathematics at the Technical University Munich funded by the DFG for its
support.

32



References

1]

2]

[10]

[11]

[12]

[13]

W.R. Bloom, H. Heyer, Harmonic Analysis of Probability Measures on Hyper-
groups, de Gruyter, Berlin — New York, 1995.

S. Dahlke, G. Steidl, G. Teschke, Coorbit spaces and Banach frames on homoge-
neous spaces with applications to the sphere, to appear in Advances in Computa-
tional Mathematics.

S. Dahlke, G. Steidl, G. Teschke, Weighted coorbit spaces and Banach frames on
homogeneous spaces, Preprint Philipps-Universitat Marburg, 2003.

M. Duflo, C.C. Moore, On the regular representation of a nonunimodular locally
compact group, J. Funct. Anal. 21, 209-243, 1976.

J. Epperson, M. Frazier, An almost orthogonal radial wavelet expansion for radial
distributions, J. Fourier Anal. Appl. 1, 311-353, 1995.

H.G. Feichtinger, Banach spaces of distributions of Wiener’s type and interpola-
tion. Functional analysis and approximation (Oberwolfach, 1980), pp. 153-165,
Internat. Ser. Numer. Math., 60, Birkh&user, Basel-Boston, Mass., 1981.

H.G. Feichtinger, A characterization of minimal homogeneous Banach spaces,
Proc. Am. Math. Soc. 81, No.1, 55-61, 1981.

H.G. Feichtinger, Banach convolution algebras of Wieners type, In: Proceedings,
Conference on Functions, Series, Operators, Budapest, 1980, pp. 509-524, Colloq.
Math. Soc. Janos Bolyai, North-Holland, Amsterdam, 1983.

H.G. Feichtinger, K.H. Grochenig, A unified approach to atomic decompositions
via integrable group representations. In: Proc. Conf. Function Spaces and Ap-
plications, (M. Cwikel et al. eds.) pp. 52-73, Lect. Notes Math. 1302, Berlin—
Heidelberg—New York: Springer, 1988.

H. G. Feichtinger, K. Grochenig, Banach spaces related to integrable group repre-
sentations and their atomic decompositions I, J. Funct. Anal., 86, 307-340, 1989.

H. G. Feichtinger, K. Grochenig, Banach spaces related to integrable group rep-
resentations and their atomic decompositions II, Monatsh. f. Mathematik, 108,
129-148, 1989.

M. Fornasier, H. Rauhut, Continuous Frames, Function Spaces, and the Discretiza-
tion Problem, Preprint, 2004.

K. Grochenig, Describing functions: Atomic decomposition versus frames,
Monatsh. f. Mathematik 112, 1-41, 1991.

33



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

K. Grochenig, Foundations of Time-Frequency Analysis, Birkhauser, Boston, 2001.

R.I. Jewett, Spaces with an abstract convolution of measures, Adv. in Math. 18,
1-101, 1975.

T. Kithn, H. Leopold, W. Sickel, L. Skrzypczak, Entropy numbers of Sobolev
embeddings of radial Besov spaces, J. Approx. Theory 121, 244-268, 2003.

P. Milnes and J.V. Bondar, A simple proof of a covering property of locally com-
pact groups, Proc. AMS, Vol. 73, 117-118, 1979.

H. Rauhut, Wavelet transforms associated to group representations and functions
invariant under symmetry groups, to appear in Int. J. Wavelets Multiresolut. Inf.
Process.

H. Rauhut, Time-Frequency and Wavelet Analysis of Functions with Symmetry
Properties, Ph.D. thesis, Technical University of Munich, 2004.

H. Rauhut, M. Rosler, Radial multiresolution in dimension three, to appear in
Constructive Approximation.

H. Triebel, Characterizations of Besov—Hardy—Sobolev-spaces: A unified ap-
proach, J. Approx. Theory 52, 162-203, 1988.

34



