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Abstract—In this paper we present a new way to obtain a
bound on the number of measurements sampled from certain
distributions that guarantee uniform stable and robust recovery
of low-rank matrices. The recovery guarantees are characterized
by a stable and robust version of the null space property and ver-
ifying this condition can be reduced to the problem of obtaining
a lower bound for a quantity of the form 1r€1£ ||Az||2. Gordon’s

x

escape through a mesh theorem provides such a bound with
explicit constants for Gaussian measurements. Mendelson’s small
ball method allows to cover the significantly more general case of
measurements generated by independent identically distributed
random variables with finite fourth moment.

I. INTRODUCTION

In the present paper we study the problem of uniform stable
and robust recovery of low-rank matrices from undersampled
measurements. Given noisy data

b=AX)+w, [uwlls<mn,

where A : R"*"2 — R™ m < ning, is a linear map and
w € R™ corresponds to noise, we recover X € R"™1*"2 by
solving the nuclear norm minimization problem

min

1Z]]
ZERn1Xn2

subject to || A(Z) — b||l2 < 7. (1)
It was observed in [1], that the rank-restricted isometry prop-
erty (rank-RIP) is sufficient for (1) to provide the minimum-
rank solution from noiseless observations with n = 0. The
stability and robustness properties of the nuclear norm min-
imization were addressed in [2], [3] and the obtained error
bounds rely on the rank-RIP of the measurement map, which
was shown to hold with high probability for certain random
measurement ensembles in [1], [3].

Our recovery guarantees are based on a certain property of
the null space of the measurement map. It was first mentioned
in [4] that the condition called the null space property is
necessary and sufficient for exact reconstruction of a matrix of
the lowest rank via (1) when 7 = 0. A slightly stronger version
of the null space property also implies stability, when the
nuclear norm error of recovering a matrix via the nuclear norm
minimization is controlled by the error of its best possible
low-rank approximation. We enhance the previous results by
strengthening the null space property in order to provide
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Frobenius norm error estimates and incorporate noise on the
measurements.

Since it is difficult to verify the provided theoretical guaran-
tees for deterministic measurements, we pass to random maps
and obtain corresponding bounds on the number of Gaussian
measurements and measurements with finite fourth moment.
In particular, it was unknown before and perhaps surprisingly
that only finite fourth moments are required. So, for example,
in the recent paper [5] the authors prove the exact recovery of
sparse vectors in R with the optimal number of measurements
under the assumption of finite log n-th moments.

II. BASIC DEFINITIONS AND NOTATION

Let X € R™*"2 and n := min{ny, na}. A factorization of
X of the form
X =U3V",

where U € R"*™ V e R™*" U*U =V*V =1d and ¥ €
R™*™ is diagonal with non-negative non-increasing entries, is
called the singular value decomposition of X. The diagonal
entries of X are the singular values of X and they are collected
in the vector o(X). The Schatten p-norm of X € R™*"2 is
defined by

1/p

> oy(X)P :

j=1

Xl = p=>1

It reduces to the nuclear norm ||-||. for p = 1 and the Frobenius
norm || - || for p = 2. The best rank-r approximation to X is
T

given by the matrix »_ (X )u v} and the Schatten p-norm
j=1

of the approximation error is equal to

n 1/p
nf XM= [ 3 a(x)p
nyxXno
A;[aiDEMST J=r+l

The inner product of X; € R™*"2 and Xy € R™*"2 jg
defined by <X1,X2> = tI‘X;Xl.

III. MAIN RESULTS

A random linear map can be described in terms of random
matrices. When A : R™*"2 — R™ js linear, there exists
A e R™*mm2_guch that A(X) = Avec(X), where vec(X)



is obtained by concatenating all the columns of X into a single
vector in R™1 72,

Theorem 1: Let A : R™*"™2 — R™ be a linear map whose
matrix has independent standard Gaussian entries, 0 < p < 1,
k>1and 0 <e < 1. If

m? >7"(1 + (1 +p1)?)k?
m+1 " (k—1)2

+\/ 21n(e—1)
A+ (1+p1)2)

then with probability at least 1 — ¢ for every X € R™M *"2

NoEr

2

. 2)

a solution X of (1) with b = A(X) + w, < n,
approximates X with the error
21+ p 2/9\/5(3 +p)

||X*X||2_ j;l \/ﬁ(l—p) n

Roughly speaking, any matrix of rank r is recovered with high
probability from

m > 5r(y/ny + /n2)?

Gaussian measurements. Since any n; X ng matrix of rank
r is determined by r(n; + ne — r) parameters, the provided
bound is within a constant of the optimal result. In [1] the
authors exploit the rank-RIP to show that any matrix of rank
r can be recovered from O(r(ny + ng)log(ning)) Gaussian
measurements. A more refined analysis of the rank-RIP in [3]
allowed to get rid of the extra log-factor. Estimates of optimal
order based on the null space approach are presented in [6],
[7]. However, the advantage of our result is that it provides
an explicit constant.

Theorem 1 can be extended to a more general setting.
However, the constant in the estimate for the number of
measurements is not explicit.

Theorem 2: Let A: R™*™ — R™ be a linear map whose
matrix has independent identically distributed entries A;; with

EA; =0,EA}; =1and EAJ; < Cy.
Let 0 <p<1,k>1,0<e <1 and suppose that

er(l+ (1+p71)?)K? [\/m

(r—1)? .

n(e1)
+\/m g +p1)2)] ’ )

where ¢ > 0 depends only on Cy. Then with probability at
least 1 — ¢, for any X € R™*"2 a solution X of (1) with
b= A(X)+ w, |w||2 <n, approximates X with the error
c, =
Kyp

v v

We prove Theorem 1 and 2 by establishing the Frobenius
robust rank null space property (to be defined in Section IV)
for given measurements. In the Gaussian setting we rely on
Gordon’s escape through a mesh theorem [8], [9]. For the
case of more general measurements of Theorem 2 we refer to
Mendelson’s small ball method [10], [11], [12], [13].

m >

X — X2 < oj(X)+D C,, Dy, > 0.

IV. FROBENIUS STABLE NULL SPACE PROPERTY

The Frobenius stability and robustness of the recovery of
low-rank matrices via nuclear norm minimization is based on
the following property of the measurement map.

Definition 3: We say that A : R"**"2 — R™ gatisfies the
Frobenius robust rank null space property of order r with
constants 0 < p < 1 and 7 > 0 if for all M € R"1*"2,
the singular values of M satisfy

1/2
n

S| <2 oy

Theorem 4: Let A : RM*™2 — R™ satisfy the Frobenius
robust rank null space property of order r with constants 0 <
p < 1and 7 > 0. Then for any X € R"™ *"2 the solution X
of (1) with b = A(X) 4+ w, |Jw||2 < 7, approximates X with
the error

+ 7l AM) ]2

1+p 27’3+p))

X-X
[ ll2 < T,

Z

j =r+1

One of the ways to prove Theorem 4 is to rely on results
in [14], which show that if some condition is sufficient for
stable and robust recovery of any sparse vector with at most
r non-zero entries, then the modification of this condition is
sufficient for the stable and robust recovery of any matrix up
to rank 7.

In order to check whether the measurement map A :
R™1*n2 — R™ gatisfies the Frobenius robust rank null space
property, we introduce the set

Ty i={M e R™ "™ : |[M|y =1,

T 1/2 n
(ZaxM)?) > %,Z 0i(M)

If

1
inf{|A(M)||2: M €T,,} > = G))

e < III\/TIHQ it

r 1/2
(Zm(zvm) < f Z oi(M (5)
i=1

1=r+1

then for any M € R™*"2 such that || A(M
holds

For the remaining M € R™*"2 with |A(M)|2 > % we
have

r 1/2
(Z Ui(M)Q) <Mz < 7| A(M)|2-

Altogether with (5) this leads to

r 1/2
. 2 o4
(o) <X

1=r+1

M) + 7| AM)][2-

It is natural to expect that the recovery error gets smaller as
the number of measurements increases. This can be taken into



account by establishing the null space property for 7 = —%

Then the error bound reads as follows

1+P Z

_] =r+1

3l

2/@(3 +p)
MV s

is that it is embedded

[X — X2 <

An important property of the set T}, ,
in a set with a simple structure.
Lemma 5: Let D be the set defined by

D :=conv {M € R"*" : |[M||y = 1,rank M < r}, (6)

where conv stands for the convex hull.
1) Then D is the unit ball with respect to the norm

1/2
L /

IMllp =" | > ()|,

j=1 |iel;

where L =

-

2) It holds

=t

{r(G—1)+1,...,
{r(L-1)+1,...

j=1,...,L—1,
j=L.

i},
nk

T)r C /14 (14p~1)2D. 7)

Let us argue briefly why || - ||p is a norm. Define g : R" —

[0,00) by
1/2

L
j=1 zEI
where L and I; are defined in the same way as in item 1)
of Lemma 5 and z* is obtained by arranging the entries of x
in the decreasing order of magnitude. Then g is a symmetric
gauge function and | M||p = g(o(M)) for any M € R™1*"2,
According to Theorem 7.4.7.2 in [15] || - || p is indeed a norm.
Proof of Lemma 5: 1) Any M € D can be written as

M = Z a; X,
i
with

rank X; <r, || Xi|2 =1, a; >0, Zai =1.

Thus
Mo < el Xillp =) il Xilla =) i = 1.

Conversely, suppose that ||M||p < 1. Let M have a singular
L
j=14€l;
where u; € R™ and v; € R™ are column vectors of U and
V respectively. Set M; := > o;(M)u;v; and «; := || M;]|2,
iel;
j=1,..., L. Then each Mj is a sum of r rank-one matrices,
so that rank M; < r, and we can write M as

- ¥ o(tw)

Jio; #0

value decomposition M =

with
Y aj=> IMjlla=M]|p <1
Jie; #0 J
" =Ml = — My = 1.
aj aj
Hence M € D.

2) To prove the embedding of 7}, ,. into a blown-up version
of D, we estimate the norm of an arbitrary element of 7, ,..

Suppose M € T}, .. According to the definition of the |- || p-
norm

L % T %
IMlp =3 [Z (m-(M))Q] - [_Z <ai<M>>2]

=1 Liel; i=1
2 3L 3
+ Y ()| YD (e M))Zl . (8)
i=r+1 >3 Liel;

To bound the last term in the inequality above, we first note
that for each 7 € I;, | > 3,

JEI 1
and 12 )
[Z(axM))ﬂ <= >0 (.
i€l; JE€l 1
Summing up over [ > 3 yields
L 3
2 1
1>3 Lien, 1>2 jel,
1 n
=—= o;(M)
\/Fj:r+1

and taking into account the inequality for the singular values
of M €T,,

L 3 r 3
> [Z (Ui(M))Q] <p! [Z(Ui(M))ﬂ :

1>3 Lier, i=1

Applying the last estimate to (8) we derive that

> (Ui(M))2]

i=r+1

1—Z<az«<M>>2] .

i=1

T 2

IMlp < (1+p7") lZ(Ui(M))2

i=1

+

T 2

> (e (a))?

Set a = [0 (0:(M))?)?
f(a) =

is attained at the point

<(1+phH +

. The maximum of the function

(1+p_1)a—|— 1—a?, 0<a<l,

1+p7t
I+ (14p71)2




and is equal to y/1 + (14 p~1)2. Thus for any M € T, , it
holds
[M][p < V14 (1+p71),

which proves (7).
|
Employing the matrix representation of the measurement
map A, the problem of estimating the probability of the event
(4) is reduced to the problem of giving a lower bound for the
quantities of the form Illelg |[Az||2. This is not an easy task for

deterministic matrices, but the situation significantly changes
for matrices chosen at random.

V. GAUSSIAN MEASUREMENTS

To estimate the probability of the event (4) for Gaussian
measurements we employ Gordon’s escape through a mesh
theorem. First we recall some definitions. Let ¢ € R™ be a
standard Gaussian random vector, that is, a vector of normal
distributed random variables. Then for

E, =E ”9”2 = \/5 IW
we have .
TS < e SV

see [8], [9]. For a set T' C R™ we define its Gaussian width
by
UT) = Esup(z. ),
zeT

where g € R" is a standard Gaussian random vector.

Theorem 6 (Gordon’s escape through a mesh): Let A €
R™*™ be a Gaussian random matrix and 7" be a subset of
the unit sphere S"~! = {z € R™ : ||z|2 = 1}. Then, for
t>0,

2

IP’(infT||A$||2 >Em—€(T)—t> >1—e7. (9
re

In order to give a bound on the number of Gaussian mea-
surements, Theorem 6 suggests to estimate from above the
Gaussian width of the set 7}, .. As it was pointed out in the
previous section, T}, .. is a subset of a slightly enlarged version
of D, which has a relatively simple structure. So instead of
evaluating ¢(7, ), we consider /(D).

Lemma 7: For the set D defined by (6) it holds

(D) < Vr(\/n + v/nz). (10)

Proof: Let I' € R™*™2 have independent standard
normal distributed entries. Then ¢(D) = E sup (I', M). Since
MeD

a convex continuous real-valued function attains its maximum
value at one of the extreme points, it holds

(D)=E sup (T,M).
[|M]]2=1

rank M=r
By Holder’s inequality

(D)<E sup [DfllM[1 <vr sup [[M|2E0(T)
[|M]]2=1 l|M]|2=1
rank M=r rank M =r

< Vr(yvni + /ng).

The last inequality used a well-known estimate of the expecta-
tion of the largest singular value of a standard Gaussian matrix,
see [9, Chapter 9.3]. |
Lemma 5 and Lemma 7 allow to conclude that

L+ (1+p~1)2(D)
< V(L4 (L4 p7 1)) (Vi + Viz).

Proof of Theorem 1: Sett :=
(2), then

E (1 _ 1) > /i F (T p DB (it + v/iiz) + 1.

K

2In(e—1). If m is as in

Together with (7) and (10) this yields

FE 1 /m
E,—0T,,)—t>">—,]/—.
(Do) =2 =2 > = [

According to Theorem 6

P(,n BAODL> L) 21—
MET, n\ﬁ
which means that with probability at least 1 —¢ map A satisfies
the Frobenius robust rank null space property with constants

p and ’“7/3. The error estimate follows by Theorem 4. [ ]

VI. MEASUREMENTS WITH FINITE FOURTH MOMENT

To extend Theorem 1 to a larger class of random maps
where we only require finite fourth moments, we apply
Mendelson’s small ball method.

Theorem 8 ([11], [12], [13]): Fix E < R% and let
o1, ..,0, be independent copies of a random vector ¢ in
R?. For £ > 0 let

Qe(F; ) = it P{|(6,0)] = €}

and
Wi (E; ¢) = E sup(h, u),
uekl

where h = ﬁ > i1 €j0; with {e;} being a Rademacher
sequence. Then for any £ > 0 and any ¢ > 0 with probability

at least 1 — =2t

inf
uelE

m 1/2
(Z |<¢7au>|2> > f\/EQQE(E§¢)_2Wm(E§¢)_§t-

As before we identify nj X ng real-valued matrix with a vector
in R™™2, Suppose that the rows of the matrix A of a linear
map A : R"*"2 — R™ are given by vectors ¢;, i =1,...,m.
In accordance with Theorem 8 in order to bound

m 1/2
. . 2
Jof Al = inf (; [, )] )
we need to estimate Qo¢(7),,;¢) and W, (T}, ;¢). For a
detailed proof of Theorem 2 we refer to [16]. We only mention
that a lower bound for Qo¢(T),.; ¢) relies on the fact that the
elements of 7, . have unit Frobenius norm and an upper bound
for W, (T}, -; ¢) exploits the inclusion (7).
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