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Abstract

We analyze a multiple-input multiple-output (MIMO) radar model and provide recovery results
for a compressed sensing (CS) approach. In MIMO radar different pulses are emitted by several
transmitters and the echoes are recorded at several receiver nodes. Under reasonable assumptions
the transformation from emitted pulses to the received echoes can approximately be regarded as
linear. For the considered model, and many radar tasks in general, sparsity of targets within the
considered angle-range-Doppler domain is a natural assumption. Therefore, it is possible to apply
methods from CS in order to reconstruct the parameters of the targets. Assuming Gaussian random
pulses the resulting measurement matrix becomes a highly structured random matrix. Our first main
result provides an estimate for the well-known restricted isometry property (RIP) ensuring stable and
robust recovery. We require more measurements than standard results from CS, like for example those
for Gaussian random measurements. Nevertheless, we show that due to the special structure of the
considered measurement matrix our RIP result is in fact optimal (up to possibly logarithmic factors).
Our further two main results on nonuniform recovery (i.e., for a fixed sparse target scene) reveal
how the fine structure of the support set — not only the size — affects the (nonuniform) recovery
performance. We show that for certain “balanced” support sets reconstruction with essentially
the optimal number of measurements is possible. Indeed, we introduce a parameter measuring the
well-behavedness of the support set and resemble standard results from CS for near-optimal parameter
choices. We prove recovery results for both perfect recovery of the support set in case of exactly
sparse vectors and an f2-norm approximation result for reconstruction under sparsity defect. Our
analysis complements earlier work by Strohmer & Friedlander and deepens the understanding of the
considered MIMO radar model.
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1 Introduction

MIMO (multiple-input multiple-output) radar systems can simultaneously transmit several uncorrelated
waveforms from spatially distributed transmitters and record the reflected signals at different receiver
locations. The transmit/receive antennas may either be widely separated giving the possibility to view the
targets from different angles or co-located antenna configurations — to be studied in this paper — can yield
superior resolutions and target identifiability as compared to standard phased-array radar [13, 21, 22].

When it comes to the implementation of a MIMO radar system involving several waveforms, one
is naturally confronted with an increased amount of data to be processed. Yet in MIMO radar the
description of the target parameters can turn out to be particularly sparse, i.e., the target scene can be
modeled as a vector of the object reflectivities with the property that “almost” all entries are zero [8].
Since it is often possible to assume the transformation of the transmitted signals through the channel
to be approximately linear, one is faced with the reconstruction of the targets’ parameters from highly
incomplete linear measurements.

During the last decade, the theory of compressed sensing (CS) evolved around this particular setting.
In CS one typically tries to reconstruct an unknown vector x from highly underdetermined linear
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measurements y = Ax under the additional assumption of sparsity in . While only suboptimal results
are available so far for deterministic measurement matrices A — see for instance the discussion in [14,
Chapter 6.1] — it is rather typical to consider matrices which are defined in terms of random variables.
The crucial point is that, apart from theory, also in practice the concept of randomness can be implemented
efficiently and has already proven effective. This opens the field for advanced methods from probability
theory making it possible to prove strong recovery results — which usually hold true with very high
probability. Typical results guaranteeing recovery of sparse vectors @ from measurements y = Ax provide
conditions on the minimal number of required measurements — ideally scaling linearly on the number of
nonzero entries in @ up to logarithmic factors. Given this, the theory of CS provides several algorithms
for reconstruction. Usually & can either be obtained as the solution to a convex optimization problem, or
by an iterative (greedy) algorithm [14].

Ideas from CS have probably first been applied to radar in [1, 17, 12]. The extension to MIMO
radar has been conducted in [8, 26, 31, 32]. In a recent paper, Strohmer & Friedlander [27] analyze a
particular model of co-located MIMO radar and prove recovery results. They assume random probing
signals which leads to a measurement process constituting of NgN; random measurements, where Ng
is the number of receiver nodes and N; is the number of (time domain) samples being taken at each
receiver. Under the additional assumption of randomly distributed targets, they show that basically the
condition NgpN; = slog(IN), where s is the number of targets and N is the dimension of the target scene
x, is sufficient for reconstruction by minimizing the so-called LASSO functional. Thus, typical results
from CS on random measurements are resembled for these specific MIMO radar measurements.

We adopt this model and deepen its understanding by deriving further properties and results in the
context of CS. First, we prove an estimate for the restricted isometry property (RIP) of the involved
measurement matrix. The RIP guarantees uniform recovery (i.e., simultaneous recovery of all sufficiently
sparse vectors from a single random draw of the matrix with high probability) and, moreover, yields
strong error estimates for noisy measurements and only approximately sparse vectors. Compared to
standard estimates for standard random matrix constructions, we require more measurements for a given
sparsity which, however, as we show, is still optimal and due to the special structure of the considered
matrix. Motivated by the somehow better results in [27], we furthermore deepen the analysis of the
measurement process by introducing a parameter for the fine structure of the supports sets. In this way
we are able to provide nonuniform recovery results for “balanced” support sets resembling the required
number of measurements one would usually expect from common CS theory. Ultimately, this explains
the result in [27], since random support sets are — on average — sufficiently balanced and, hence, for
randomly distributed targets less measurements are sufficient. To the best of our knowledge, it has not
been observed earlier for realistic measurement matrices that the recovery performance may depend
significantly on the fine structure of the support sets.

1.1 The MIMO radar model

Our MIMO radar model consists of Ny transmit and Ng receive antennas. We consider the setting from
[27] where some assumptions on the geometry of the antenna/target locations have been made. We
assume that

e the antenna arrays and the scatterers are located in the same two-dimensional plane,
e the transmit/receive antennas are located along one common line (“monostatic radar”),

e the distance of the targets from the antenna arrays is sufficiently large so that the radar return
of any scatterer can be considered to be fully correlated across the array (“coherent propagation
scenario”).

We point out that our results can be generalized to a three-dimensional setting. However, since the
effects we want to study already occur in two dimensions, we concentrate on this case in order to keep
the notation simple. The transmit antennas occupy the positions (0,idr\) € R?, i = 0,1,..., Np — 1,
where \ denotes the wavelength of the carrier frequency of the radar system. The receive antennas are
located at (0,jdgrA), j =0,1,...,Ng — 1. It is known that by choosing dr = 1/2 and dgp = Np/2 or,
alternatively, dr = Ng/2 and dr = 1/2 similar characteristics as those of a virtual array with NpNg
antennas can be obtained [15]. In this sense these particular choices for dr and dg are favorable compared
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Figure 1: Sparse MIMO radar: sector of the physical target domain for the case of Ny =8 and Nz =8
transmit /receive antennas, yielding an angular resolution of Ny Nr = 64. An exemplary delay grid
with a resolution of N, = 8 is depicted. The considered Doppler effect introduces a third dimension,
parametrized by the Doppler shifts f.

to other choices in practice. This fact will also become clear during our analysis. Throughout the paper
we concentrate on the case where
1 __Nr

dr = -, dr = 1
T2 = (1)
The second case can be treated analogously.

The ith transmit antenna repeatedly sends a fixed complex continuous-time signal s; = s;(¢) of period
duration T'. The reflected signals, due to reflections caused by one unit reflectivity target at position

(rcos(6),rsin(6)) € R?, traveling with radial speed v, will be recorded at the jth receiver (cf. [32]) as

Nt
—12m-eA T (t— i,4 c
y(t) =Y e er =i/t — d, (1) /),

i=1

where ¢ denotes the speed of light and d; ;(t) is the distance the emitted wave has to travel from the ith
transmitter to the jth receiver at time ¢, given by

d; ;(t) = 2(r + vt) +sin(0)drA(i — 1) +sin(0)drA(j — 1).
After demodulation (multiplication with 612”‘0’\71’5), assuming narrowband transmit waveforms, slowly

moving targets, and a far field scenario, i.e., 7 > max{dr Ny, dgNgrA}, the received baseband signal at
the jth receiver is approximately given by

Nt
yi (t) ~ 6127T<2>\’1r6127r<sin(0)dn(jfl) Z ez27r~2)\’1vtez27r~sin(0)dT(i71)Si (t _ 27"/6). (2)

i=1

(See also [32], where the antennas are distributed freely over a small area, though.)

The parameters of a target are given by the triple (6,r,v) representing the position (in radial
coordinates) and the radial speed. It will, however, be more convenient in the remaining part of this paper
to equivalently consider the triples (sin(6),2r/c,2A~tv) of angle, delay, and Doppler-shift parameters,
which appear in formula (2). The angle, delay, and Doppler-shift information can always easily be
transformed back into the physical coordinates.

Discretization

We switch to a discrete setting by considering sampled (at Nyquist rate) versions of the transmitted
signals and, furthermore, assuming that the targets are located on a grid in the angle-delay-Doppler



domain. In certain applications, this idealizing assumption might lead to so-called “gridding errors”.
Thus, in practice, this would have to be resolved by an additional post-processing. Theoretical approaches
for this problem can be found in [18, 9]. Recently, in [16], a new approach for exact reconstruction of
time/frequency shifts (as considered in radar) from a continuous domain has been proposed.

Let s; € CNt be the discrete-time representation of the transmitted signal s; = s;(t) sampled at
Nyquist-rate over the time interval [0,7), i.e.,

ST = (Si(o)asi(At)’Si(2At)a~o~;3i((Nt_1)At))T, T:NtAt, At = 1/2B

K2

Under the assumption that the signals s; = s;(t) are T-periodic and band-limited to (—B, B) the Nyquist—
Shannon sampling theorem tells us that they are fully described by the discrete-time signals s;. In the
following we will always assume that the parameters (sin(6),2r/c, 22~ v) lie on an equidistant grid, i.e.,

(sin(6),2r/c,2A"1v) = (BAg, TAL, fAf), (3)
where 3, 7, and f are integers. Throughout the rest of this paper we fix the stepsizes Ag, A, and A; to

2 1 1

Azi ATzi’ A:* 4
P~ NyNg’ 2B =T )

For a given Doppler-shift 2\~'v = fA; < B, the received signal y; = y;(t) can again be assumed to be
band-limited to (—B, B). In this case the time-discrete version

i = (1(0),5(A0), 5 (280), .,y (N — DA,)T € CN

of the approximate received signal y; = y;(¢) in (2) at the jth receiver, caused by a target having
parameters as in (3), is given by the vector

Nt
Yy = ezZﬂ-c)\fl'rATezZﬂHdRBAﬁ(jfl) Z BZQWIdTBAﬁ(iil)MfTTSi c CN’L7 (5)
1=1

where T'; is a circulant shift and M is a linear modulation, defined entrywise by

[Trsl = [slers  [Mys]y, = 2 %D [g), (6)

where k — 7 stands for subtraction modulo IV;. Note that, due to periodicity of the operators T, and M
and the periodic influence of the parameter 8 in (5), the maximal achievable number of grid points as in
(3) which can be differentiated by looking at the received signals y; is bounded by Nz N rINZ. Hence we
assume without loss of generality that

(B;7,f) €6,  G:=[NrNg| x [N x [N, (7)

where, for any L € N, we write [L] to denote the set {1,2,...,L}. Throughout this paper we will refer to
the triples of integers (3,7, f) as parameters of the considered targets keeping in mind that the actual
physical parameters can be obtained via the relations (3), (4).

The linear measurement model

If, more generally, several targets O = (B, Tk, fx), K = 1,2,..., L, with corresponding reflectivities
pr € C are present, then the superposition of signals

L Nr
k=1 i=1
will be recorded at the jth receiver, see also (5). We define vectors Aj9 € CNt with

Nt
A‘Z_) = eZZTr.dR'BAH(jil) Z 6227r.dTBAﬂ(i71)MfTTSi7 @ = (ﬁ) T, f) S g7 (8)

=1



. . . L o1 ;
which allows us to write y; more conveniently as the sum Y ket prpeTN T T AJ@k. A target scene (a

set of targets being present in the angle-delay-Doppler domain) can now equivalently be considered as a
vector = (v, © € G) € CV, N = Ny NgN?, being supported on the indices © = Oy, k= 1,2,...,L,
which correspond to the parameters @y, of the targets. Here, each nonzero entry is basically the reflectivity
parameter of the corresponding target (multiplied with a complex unit), given by zg, = pkeﬁ’r'd‘_lT’cAf.
The collection of all received signals (y7,yl ... ,y%R) can now conveniently be written as matrix—vector

(CNRN,,XN

product Ax, where the matrix A € contains the columns Ag, © € G, with

AQ = ((Aé)T7(AZO)Ta'--7(AgR)T)T € CNRNt. (9)
Considering noise in the channel leads to the measurement model
Yy = Ax +n € (CNRNt, (10)

where n represents a noise vector. Since x is an N = Ny Ny N2-dimensional vector and the acquired
information in the measured vector y is m = Ng N;-dimensional, we end up with a highly under-determined
system (10) from which the targets’ parameters (the support set of the vector &) have to be reconstructed.

1.2 Recovery via /;-minimization and the restricted isometry property

Radar scenes are typically sparse in the target domain meaning s = |supp(z)| < N. One can use this
additional assumption for the reconstruction of &. At this point ideas from compressed sensing enter
the field. A well established — and computationally practicable — approach for reconstructing a sparse
vector « from incomplete measurements y is basis pursuit denoising which aims at reconstructing x by
solving the convex optimization problem

min ||z|; subject to ||Az —yll2 < o, (11)

z
where p is an upper estimate of the noise level. Here the || - [|;-norm constitutes a convex relaxation of
the || - [[o-norm counting the number of nonzero entries, which one aims to minimize in the first place.

Indeed, under suitable assumptions on the measurement matrix A, each solution # of (11) is close to
the unknown s-sparse vector x, i.e.,
|lz# — x|, < C  inf ) |z’ — |1 + Dov/s, (12)
S-sparse ©
fs—sparse z’ ||£LJ - 33”1

NG

where C, D > 0 are numerical constants.

A popular condition guaranteeing recovery via basis pursuit denoising is the restricted isometry
property (RIP). The RIP is said to be fulfilled if A has a small restricted isometry constant which is the
smallest number §, such that for all s-sparse vectors x it holds

in
|# — lls < C + Do, (13)

(1= d)l=ll3 < [[Az|3 < (1+6)ll]3. (14)

A sufficiently small restricted isometry constant implies that the basis pursuit denoising approach (11)
yields approximations to any s-sparse vector ® from incomplete measurements y. The following theorem
is well-known [4], see for instance also [7, 5, 14], where constants have been subsequently been improved.

Theorem 1. Suppose the restricted isometry constant do5 of the matriz A satisfies 525 < 1/+/2. Then,
for any x € CV and y € C™ with ||Az — y||2 < o, any solution ¥ of (11) fulfills (12), (13) where the
constants C, D > 0 only depend on da5.

For certain random matrices, e.g., those with independent standard Gaussian entries, the following
choice of the number of measurements m depending on the dimension N and the sparsity level s is
sufficient (and necessary, see below) for a small restricted isometry constant with high probability [14]:

m 2 slog(eN/s). (15)

Apart from Gaussian measurements this dependence also occurs for many other (even structured) random
matrices — up to possibly additional logarithmic factors.



1.3 An optimal RIP result

A main goal of this paper consists in proving the following result on the number of required samples Ny
guaranteeing a small restricted isometry constant of the scaled MIMO radar measurement matrix (see
(8), (9) for the definition)

A= _aechmvow

VN1 NRNy ’

and, moreover, in showing that this result is optimal in a certain sense. We assume that the transmit
pulse vectors s; are independent standard complex Gaussian random vectors (see Appendix D for some
information about complex Gaussian random variables and vectors).

Theorem 2. Let the signals 81, 82,...,8ny. generating the matriz A via (8) and (9) be independent
standard complex Gaussian random vectors. If, for §,e € (0,1),

S
Ny > 5 max{log®(eN)log?(s), log(1/¢)}, (16)
then the restricted isometry constant of the rescaled matriz A satisfies 58(2) < & with probability at least
1—e.

Remark 3. The result as well as its proof extends to signals s1, 82, ..., SN, being independent Rademacher
vectors (random vectors with independent entries taking the value +1 or —1 with equal probability) or
independent Steinhaus vectors (random vectors with independent entries that are uniformly distributed
on the complex torus). These generators may be of advantage for real radar systems where one prefers
constant magnitude signals for optimal energy consumption and in order to avoid that amplifiers possibly
run out of their linear regime.

Recall that the matrix A has m = N, rN; rows, i.e., A represents NrN; measurements. In this sense
the theorem may seem suboptimal considering that one typically would expect a scaling as in (15).
However, using general theoretical results on lower bounds for the necessary number of measurements, we
argue below that our RIP result above is in fact optimal (up to possibly logarithmic factors).

Instance optimality

The concept of instance optimality [10, 14] allows to derive general lower bounds on the number of
measurements m required for stable sparse reconstruction via any algorithm and any possible measurement
matrix in C™*¥. To be precise, we say that a pair (A, A), where A: C™ — C¥ is a reconstruction map
and A € C™*N _is (1 -instance optimal of order s with constant C' > 0 if for all & € CV it holds

|z — A(Az)||; <C  inf [l -z,

S-sparse x
The following result states the announced lower bound.

Theorem 4 ([14, Thm. 11.6]). If a pair of measurement matriv A € C™*N and reconstruction map
A: C™ — CV is £1-instance optimal of order s with constant C, then

m > C'slog(eN/s) (17)
for some constant C' depending only on C.

In case of the MIMO radar measurement matrix A, this result can be applied to a certain submatrix of
A. To this end, we define Gg- := {(8, 7, f) € G : B = *}, for an arbitrary but fixed angle parameter 5*.
For a target scene x with support in G- one finds (recalling (8)) that the product Ax can be expressed
as outer product w ® Bwg,., where B is an N; X N? matrix with columns

N
Bg-r5) = Zelzﬂ'dTﬂ Aﬂ(lil)]\lf’-r'rsia (B, 7. f) € Gs~,

=1



and w is a Nr-dimensional vector, entrywise defined as
[w]j = @Z27r'dRﬁ*Aﬁ(j_1)7 j € [Ng],

and the vector xg,. is obtained from x by deleting all entries which do not belong to the set Gg-. This

implies that |Az|3 = ||Bzg,. —
t

restricted isometry constant do (E) is bounded by 625(;4). We conclude that o, (21) < 1/+/2 implies
825(B) < 1/v/2 so that by Theorem 1 the matrix B in combination with the reconstruction map
corresponding to basis pursuit (11) with p = 0 is ¢;-instance optimal. Since B has N; rows and N2
columns, (17) reads as Ny > slog(eN?/s). Therefore, we can formulate the following result. (Essentially,
this result could have similarly been derived from Corollary 10.8 in [14].)

2. where B stands for the scaled matrix B. Consequently, the

Theorem 5. If the restricted isometry constant of the scaled MIMO radar measurement matriz A € CNrNexN
considered in Theorem 2 satisfies dag < 1/\@, then it holds

N; > slog(eN?/s). (18)

This shows that — up to additional logarithmic factors — Theorem 2 on the restricted isometry
constant for the MIMO radar measurement matrix is indeed optimal. Analogously one can also argue
that ¢;-instance optimal uniform recovery in general — which is not necessarily based on the RIP — is
not possible with less measurements than in (16). Indeed, by assuming that there exists a corresponding
reconstruction map for the matrix A one can use this map for constructing an /;-instance optimal
reconstruction map for any submatrix in B as defined above, which again yields (18).

1.4 Nonuniform recovery for random support sets

As stated by Theorem 2, for a fived draw A of the measurement matrix the RIP is fulfilled with high
probability and, hence (due to Theorem 1), all sparse vectors @ can be reconstructed by considering
measurements Ax. Since in this scenario A is fixed and reconstruction is possible for all sparse vectors ,
we speak of a uniform recovery result. A nonuniform recovery result, on the other hand, only states that
a given sparse vector & can be reconstructed from measurements Ax with high probability on the draw
of the matrix A, i.e., no assertion on the reconstruction of all sparse vectors using a single draw of the
matrix A is made.

The results on the MIMO radar measurements by Strohmer & Friedlander [27] imply that, at least on
average, nonuniform reconstruction (for random support sets) succeeds with less measurements. In [27]
they derive results for nonuniform reconstruction via the debiased LASSO reconstruction scheme. In case
of the standard LASSO, an approximation # of x is obtained by solving the minimization problem

o1
min 5|4z =y + A=l (19)

where A > 0 has to be chosen appropriately (in accordance with the noise level). In case that the support
S = supp(x) is recovered correctly, i.e., supp(w#) = S5, one might add a further step consisting of solving
the reduced least squares problem

min||Asz — |, (20)

where Ag contains only the columns of A corresponding to the support set S and the minimization is
over all z € C!8I. This second “debiasing” step leads in general to an improvement of the reconstructed
coefficients. The LASSO approach is closely related to basis pursuit denoising (11) but due to the
unconstrained optimization often favorable in practice [14]. Strohmer & Friedlander assume a random
target model, assuming that for a fixed sparsity parameter every support set occurs with the same
probability and, moreover, the phases of the nonzero entries of the targets are independent and uniformly
distributed in [0, 27). This model has been studied in [6] in a general context and is called the generic
s-sparse target model therein; see also [14, Chap. 14]. Under additional technical assumptions, it has
been shown in [27]" that if  is an s-sparse target scene, then

NpN¢ 2 slog(N), (21)

INote that there is a typo in [27, Thm. 5] where an additional factor N; on the left-hand side of (21) shows up.



measurements are sufficient to guarantee that, with high probability, each solution &# to the LASSO has
in particular the exact same support set as the target vector x, thus perfectly recovering the parameters
of the targets.

1.5 Nonuniform recovery for deterministic support sets

The results by Strohmer & Friedlander imply that there must exist support sets which can be reconstructed
using less measurements (than in our RIP result, see Theorem 2). As it turns out, certain angle classes
are not correlated among each other and, hence, support sets where the mass is uniformly distributed
among these angle classes are favorable for reconstruction.

Balanced support sets

Recall the definition of the columns Ag, © € G, of the MIMO radar measurement matrix A from (8),
(9). For the inner product of two such columns Ag, Ag- it holds

Ngr Nt Nt
(A@,A@/> _ 26127r-dR(5’—ﬁ)A5(k—1) <Z ezQﬂ-dTﬁAg(i—l)MfTTSi’Zez27‘r~dTﬁ'A5(i—l)Mf/TT/Si> )
k=1 i=1 i=1

(22)
Due to the fact that dg = N7 /2 and Ag = 2/NpNpg, the first factor can be calculated as

Nr .

Z 12m-dr(8'—B)Ap(k—1) _ §¥Np zr where  §7NR . 1, if /' — B € NgZ,
8,50 VR, 85 V0. else

=1 ; )

This means that for two columns A s ;. ¢y, A+ ) to be correlated it is necessary that 5’ — 3 € NgrZ.
The latter condition induces an equivalence relation on the set of possible angle parameters. We say that
two angle parameters (3,3’ are equivalent if and only if 3/ — 8 € NRZ, i.e.,

p'~p < B —pBeNRL,
which, recalling from (7) that 3 is taken from {1,2,..., Ny Ng}, leaves us with N angle classes [53], each

containing Np different angle parameters. The crucial fact is that, since the columns from different angle
<
classes are uncorrelated, the matrices AgAg, S C G, are block diagonal. It holds in particular,

|A54s ~ Td]ams = max | A5, A, — Td]ams, (23)

where the subsets S[B] C S are defined as

S =160 = (8,7, f) € S:p' ~ B} (24)
Considering (23) one may expect that a uniform distribution of any given support set S over all angle
classes would make it most likely that the matrix ;1;25 is well conditioned (since in this case the maximal
dimension of the submatrices A;W Es[m becomes minimal). This motivates to introduce a parameter 7
measuring how evenly distributed over the angle classes such a support set is.

Definition 6. The balancedness parameter of a support set S C G is the smallest number n such for all
angle classes [B] it holds
B
Sia| <p—-.
Sl <y
We say that S is n-balanced, if the balancedness parameter of S equals 1.
According to this definition the balancedness parameter can expressed as

1 = max NalSgl
B 1S
Clearly, the balancedness parameter takes values in [1, Ng|, where n = 1 means that the |S| targets are
perfectly balanced with respect to the Ng angle classes (with |Sig| ~ |S|/Ng), and, on the other hand,
1n = Np corresponds to the case where all targets are located in one particular angle class.



Nonuniform recovery results

Next we present our nonuniform recovery results for s-sparse target scenes with n-balanced support
sets (see Definition 6 above) and, thereby, reveal an essentially linear dependence of the number of
measurements m = NgN,; required for reconstruction on the number of targets s. Note, how the
parameter 1 enters the corresponding condition (25) below. In the worst possible case where n = Np we
obtain essentially the same scaling as for the RIP estimate in (16), while for the best possible case n =1
we obtain the announced linear scaling.

For the following we recall that a Steinhaus sequence is a sequence of independent random variables
that are uniformly distributed on the complex unit circle {z € C : |z| = 1}. Due to the fact that the grid
G (see (7)) is N = Ny NgrN2-dimensional, a target scene « can be regarded as a vector in C.

Theorem 7. Let © € CN be an s-sparse target scene with n-balanced support set and assume that
measurements y = Ax +n € CNeNt qre given, where the signals 81,82, ...,8N, generating the columns
of A (according to (8), (9)) are independent standard complex Gaussian random vectors, and the noise
vector m is a mean-zero complex Gaussian random vector with variance 2. If

NEN; 2 1slog?(Ne), (25)
and the signs of the nonzero entries of  form a Steinhaus sequence while the magnitudes satisfy
8o
min  |xg| > ———=—==1+/21og(N), 26
©csupp(x) ‘ 9| \/NTNRNt g( ) ( )

then, with probability at least 1 — 7max{e, N 2},
(a) the solution # to the LASSO (19) with A = 20\/2N+NgN;log(N) satisfies

supp(ac#) = supp(x),

(b) the solution z* to the least squares problem (20) with S = supp(x#) satisfies

L 20‘\/§
z" —x < ———+/210g(N). 27
| slz2 < NN, Y g(N) (27)

Note that, in view of the scaling of s in (25), the approximation estimate (27) actually implies that
|lz# —xs||2 < 0/v/Nr, where Nt is the number of transmitters. Furthermore, we would like to point out
that, for technical reasons, we did not consider deterministic signs of the nonzero entries of . Nevertheless,
we do believe that with similar ideas as in [19] such a further generalization would be possible (although
technical).

The next theorem, our second main result on nonuniform recovery, makes an assertion about recon-
struction via basis pursuit denoising. Unlike the previous Theorem 7, the following result deals with
target scenes which are not exactly sparse but rather can be approximated well by sparse vectors. Again,
the balancedness parameter 7 of the considered support sets is essential.

Theorem 8. Let © € CV be a target scene, let S C G be an index set corresponding to s largest (by
magnitude) entries in x, and let S be n-balanced. Further, assume that the signs of the coefficients
xs form a Steinhaus sequence. Assume measurements y = Ax +mn € CNeNt qre given, where the

signals 81,82, ...,8Ny generating the columns of the measurement matriz A (according to (8), (9)) are
independent standard Gaussian random vectors, and the noise vector m is known to satisfy ||n|2 < o. If
NgN, 2 nslog’(N/e), (28)

then, with probability at least 1 — ¢, the solution ¥ to the basis pursuit denoising program (11) satisfies

# . / IQ\/g
7 — x|, <C; inf  — x| +Cr——m—o",
|| ||2 = s-sparse x’ H Hl 2 VN1 NRrN

where C1 and Cy are numerical constants.

Remark 9. Like Theorem 2 concerning the RIP, Theorem 7 and 8 extend to signals s1,82,...,8N,
being independent Rademacher and Steinhaus sequences, compare also with Remark 3.



1.6 The Doppler-free scenario

In [27] also a Doppler-free scenario (for the case of slowly moving or stationary targets) has been
analyzed. We want to point out that this case is also covered by our analysis. The measurement
matrix A’ corresponding to the Doppler-free case can be obtained from A by deleting all columns
A(3,7,5) With nonzero Doppler shifts f. Therefore, in view of (14), our RIP result (see Theorem 2)
holds also automatically true for the Doppler-free case — where one may even replace the factor
log(N) = log(NrNgrN?) by log(NrNgN;). The proof of our nonuniform recovery results, stated as
Theorems 7 and 8, is based on Proposition 13 providing estimates for the singular values of the matrices
Ag where S stands for an arbitrary (but balanced) support set. These estimates, of course, hold in
particular true when considering only matrices Ag with the property that S does not contain any index
(8,7, f) with f # 0 and is balanced. The reader might assure himself that all remaining arguments in
Section 3 hold equally true for the Doppler-free case and, thus, analog results on nonuniform recovery
can be proven.

Outline

In Section 2 we prove the RIP result (Theorem 2) by reformulating the restricted isometry constant as
the supremum of a chaos process and then applying a general result on such processes shown in [20, 11].
Section 3 is devoted to the proofs of our nonuniform recovery result for balanced support sets (Theorems
7 and 8). The proof of Theorem 7 is based on a general reconstruction result for the LASSO approach
taken from [6] which we introduce in Section 3.1. The Sections 3.1.1-3.1.3 are devoted to the verification
of the assumption needed for applying the reconstruction result. To this end a probabilistic analysis of
the extremal singular values of the matrices Ag, which we state as Proposition 13, is essential. Since
the proof of Proposition 13 is rather extensive it appears in an extra section, namely Section 3.3. In
Section 3.2 we prove Theorem 8 by applying a more general recovery result for the basis pursuit denoising
approach, taken from [14]. Also in this case the verification of the assumptions depends crucially on the
analysis of the singular values of :45 provided by Proposition 13. Finally, Section 4 is devoted to some
numerical experiments supporting our theoretical results on the influence of the balancedness parameter
71 (of the considered support sets) on the recovery performance.

In the Appendix we list basic calculations and technical proofs which for the sake of a clearer
presentation do not appear in the main part. Furthermore, some tools from probability theory and a
short introduction of standard complex Gaussian random variables and vectors can be found here.

Notation

For a complex number z we write Z for the complex conjugate and, for nonzero z, we set sgn(z) := z/|z|.
Given a vector & = (71, %s,...)7 with complex entries, we write ||z||, = (3, |zx?)}/?, 1 < p < o0, to
denote the usual ¢,-norm of x, and ||&||cc = maxy, |zx|. Moreover, supp(x) = {k : z # 0} denotes the
support set of &. Occasionally we also write [z]; to denote the kth entry of the vector . We write
Id for the identity matrix (with appropriate dimensions becoming clear from the context). Given a
complex valued matrix A, we write [A]g ¢ to denote the kth entry of the ¢th row of A. The Hermitian
transpose will be denoted by A*. The spectral norm is denoted by [|A[2—2 = maxz|,=1 [[Az|[2. The

Frobenius norm of a matrix A is given by ||Allr = /> ; [A]Z ,. Given the sequence of singular

values 0(A) = (01(A),02(A),...) of a matrix A, the Schatten p-norm, for 1 < p < oo, is given by
|Alls, := |lo(A)]lp. Note the special cases ||Alls, = [|Alr and [|A|s,, = [[All2-2. For a set A of
matrices, the parameters da_,2(A) = sup 4c 4 [|All2—2, dr(A) = sup ¢4 || Al F denote the diameters of A
with respect to the spectral norm and the Frobenius norm, respectively. Given a number L € N, we write
[L] to denote the set {1,2,...,L}. We will also make use of the symbol dj ¢ or, more generally, O ¢ » for
k,¢ € Z and L € N. Here 0y is the usual Kronecker delta which is equal to 1 if £ = ¢ and 0, otherwise.
The symbol 6,77, on the other hand, represents equality up to multiples of L, i.e.,

Kt = (29)

~ )1 ifk—teLZ,
0 otherwise.

We write A < B if there is a constant ¢; with A < ¢; B, where A, B may depend on further parameters.
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2 Uniform recovery via the RIP

In this section we prove Theorem 2 concerning the RIP of the MIMO radar measurement matrix. In the
following, s denotes the vector containing all signals s;, i.e.,

_ (T T T \T Nr N,
s=(s1,83,...,8y,) €C .

2.1 Reformulation as a chaos process

Our proof is based on [20] where bounds for certain chaos processes have been developed. The key is to
reformulate the radar measurements z — Az as a mapping, x V s, where the matrix V;u depending
on x, is given by

~ 1
Ve i= ———— roXo, 30
o (30

and where Xg is a Ng X Np block matrix consisting of the N; x N; blocks Xg’j] with
ngj] = ez27r-dR5A3(i—l)ez2ﬂ'-dT6A5(j—l)MfTT. (31)

Due to the fact that the signal vector s is isotropic, we have for each @ that E||Vs|2 = ||Vi|/2%, and,

i 1
due' to the fact that the matrices VNN,
This enables us to express the restricted isometry constant ¢, as supremum of a chaos process of the form

Xo, O € G, are orthogonal (see Appendix A), ||Vy|% = ||z|2.

ds = sup Az - |lz|3] = sup [Vs|l3 - (32)
NEE ve
where A denotes the set of matrices given by
A:={V, : @ is s-sparse, |||, < 1}. (33)
Dudley’s entropy integral
da—2(A)
D= / VIGN(A ]~ ooz u) du (34)
0
for the set A, where N (A, | - [[2—2,u) denotes the covering numbers, i.e., the minimal number of || - |22~

balls of radius u required to cover A, provides sufficient information about the complexity of the set
A for us. Estimates for the parameter D will in fact lead to good bounds for the restricted isometry
constant in (32). The following theorem — which is a direct implication of [20, Thm. 3.1] and a slight
improvement due to Dirksen [11] — is our crucial tool. Recall that a random vector X is L-subgaussian
if it is isotropic and P(|(X, &)| > t) < 2exp(—t?/2L?) for every & with ||€]l2 = 1 and any ¢ > 0.

Theorem 10. Let A be a symmetric set of matrices, —A = A, and let & be a random vector whose
entries are independent, mean-zero, variance 1, and L-subgaussian random variables. Set

E =D(D+dp(A)),
V =daya(A)dr(A),
U= dg%Q(‘A)'
Then, fort >0,
P(sup [ A€]3 ~ BIAEIB| > 1 +1) < 2exp(—camin{?/V2, 0/,
Ac

where the constants c1,co depend only on L.

Note that the original result [20, Thm. 3.1] is formulated in terms of Talagrand’s chaining functional
~2, whereas Theorem 10 from above is formulated in terms of Dudley’s entropy integral D, a common
upper estimate for the vo-functional, which is sufficient for our purposes and more convenient. For more
details on 2-functionals we refer to [28, 29]. In the original version of Theorem 10 in [20] the quantity V'
was defined as V = dy_,5(A)(D + dp(A)). Dirksen [11] achieved a slight improvement by showing that
the summand D can be omitted.

11



2.2 Proof of Theorem 2

In order to apply the above theorem we have to bound dr(A), do—2(A), and D. Estimates for the
quantities da_,2(A) and dp(A) can be derived in a straightforward manner. We have already seen that
[Vallr = ||#||2 and, thus, dp(A) = 1. In order to provide a bound for ds_2(.A), we estimate the norms
[|Xo|l2—2 of the matrices from the definition in (30). The (5, 7)th Ny x Ny block of the product X§Xeo
can be calculated (cf. Appendix A, equation (74)) as

(X5 Xo]U ) = Npe12mdrfls(i’—1) gi2mdrfAs(i-1)]q
Thus, by defining a vector v € CNT entrywise as

['U]j _ 6127r.dTﬁA/3(j71)’ ] c [NT]a
the corresponding operator norm can be calculated as

[Xel3-2 = | X5 Xoll22 = Nr[vv*|2-2 = Nr|v|3 = NrNr.
Since for each s-sparse vector  we have ||z|; < v/s||z||2, we obtain

~ 1 1 S
V, < X < — ||zl </ =—=lx|l5. 35
[ w||2ﬁ2_\/m@2€:glx@\\l e|\2+2_mll Hl—\/NtH 2 (35)

For each V,, € A we have, by definition, that |||z < 1 which means that

dF(A> = 1, and dQHQ(A) < \/NTt (36)

In order to estimate the entropy integral D in (34), it is in particular necessary to provide good
bounds for the appearing covering numbers N (A, || - |22, u). In view of (36) it is sufficient to consider
0 < u < 4/s/N;. The proof of Lemma 11 can be found in Appendix B.

Lemma 11. For 0 < u < 4/s/Ny, it holds

. N 1
log V(A | - |22, %) < smin {log (u2Nt> 2N, logQ(N)} ) (37)

Now we are able to estimate Dudley’s integral as

D < \/NTflog(eN) log(s). (38)

To this end, we split the integral into two pieces,

da—2(A)
p:/ VIog N (A Tsar ) du
0

1 Vs
< / VN SIog N (A [ llazr ) du + / VY Sog N (A, | llazr ) du =: Ty + Ts.
0 1

Nen
We estimate the first integral by using the first bound of Lemma 11 to obtain

1 1 1
t N t t N
Ilg/ﬁ /51og(2 )dug\/g\//ﬁldu/ﬁlog<2 )du,
0 uNt 0 0 UNt

where, in the second step, we used the Cauchy-Schwarz inequality. The latter integral can easily be
calculated as

1 1
Vvt N VAVt
/ " log < 5 ) du = / " log(N/Ny) — log(u?) du =
0 u Nt 0
1

= (log(N) +2),

¥ n

\/;Tt log(N/Ny) — {u(log(u2) - 2)}

0

2
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which, together with the estimate from above, yields

T <, /Ni\/log(N) ¥2.
t

For the second integral Z, we use the second bound provided by Lemma 11 and obtain

NG Vo
T §/ Y 10g?(N) du = ,/ilog(N)/ T ut du = [~ log(N) log(+/5).
oV een, N, ) N;
V/N¢ Ve

A combination of the estimates for Z; and Z, from above yields (38).
Now, having a bound for the entropy integral D, we are well equipped to apply Theorem 10 and,
thereby, prove Theorem 2. To this end let ¢ > 0 denote a constant to be chosen sufficiently large and

N; > c62smax {log”(eN)log®(s), log(1/e)} . (39)

Due to (38) it follows that, for some constant C' > 0,

D <Oy = log(eN)log(s).
Ny

These two bounds imply that D < C§/+/c and, therefore, since dr(,A) = 1, we obtain for the quantity
from Theorem 10 (if ¢ is chosen sufficiently large),

E=D(D 1) < (C5)fet O3/\/e < 5,
C1

where ¢ is the constant from Theorem 10. A direct application of Theorem 10, again using dp(A) = 1,
yields

2 2
P8, > 6) < P(6, > c1F +6/2) < 2exp ( ‘SA)) < 2exp <—”) ,

- 4d§a2( 4s
where for the last inequality we used the estimate for dy_,5(A) from (36). Due to (39), the latter term is
bounded by ¢, again provided that c is sufficiently large, which finalizes the proof of Theorem 2. O

3 Nonuniform recovery results

The proofs of our nonuniform recovery results (see Theorems 7 and 8) rely on the fact that — for
sufficiently well balanced support sets S C G — the singular values of the matrix Ag are close to one
with high probability. Along with further properties, this enables us to apply general recovery results
for both the LASSO and basis pursuit denoising which we take from [6] and [14], respectively. In the
following analysis we consider a scaled version of the considered measurement process, namely

- ~ - - 1 ~ 1 - 1
y:A$+n, Yy A= A, n—=-——"nN.
VN7 NgN;

T ¥
VNrNrN; VNr NN

In the situation of Theorem 7, n is now a mean-zero complex Gaussian random vector with variance
%2 = 02 /N7y NrNy.

3.1 Exact support recovery via the (debiased) LASSO

In order to prove Theorem 7 we use a general recovery result from [6], which provides the sufficient

conditions (C)—(C5) below on fixed instances of the measurement matrix A, the target scene vector & and

the noise vector n that imply perfect reconstruction of the support set supp(x) from the measurements y
via the LASSO

.1~ ~ -
min || Az — g3 +2ulzlly, 5 =5y/20g(N). (40)

Later (see Sections 3.1.2, 3.1.3 below) we will show that these conditions are fulfilled with high probability.

In the following we write IIs to denote the projection onto the linear space spanned by the columns of
Ag.
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(C1) The matrix Agﬁg is invertible and obeys ||(;12215)*1||2_>2 <2,
(Ca) |AgeAs(AgAs) ' sgn(zs) ] < 1/4,

(Cs) (AgAs)  Aghllo < 21,

(C) 1A (I1d — 1s)7i o < V24,

(Cs) [I(AgAs) ' sgn(zs) s < 3.

In [6] it is shown, using Conditions (C7)—(C5), that the difference vector h = & — x between the
solution & to the LASSO and the original vector « fulfills supp(h) C supp(x) so that supp(z) = supp(x)
and, even more, the explicit formula (41) for h is given.

Lemma 12 (cf. [6, Lem. 3.4]). Let § = Ax + 7 be given, and suppose that Conditions (C1)—~(Cs) hold
true, with S = supp(x). If

min [ze| > 8y,
then the solution to the LASSO (40) is given by & = x + h, with

hs = (E;;&S)—l(ﬁ;ﬁ—mjsgn(ws)), (41)
hSc == 0

3.1.1 Estimates for the conditions (C1)—(C5)

With Lemma 12 at hand we have a basic pattern for the proof Theorem 7. Indeed, one easily verifies
that, assuming Conditions (C1)—(Cs) are fulfilled, Theorem 7 follows by rescaling the LASSO functional
(19) with the factor Ny NN, and recalling that 6 = o/v/NyrNgN;. In order to show that Conditions
(C1)—(C5) hold true with high probability we conduct a probabilistic analysis of the extremal singular
values of the matrix AS Since columns of the matrix AS belonging to different angle classes (see
Section 1.4 for the definition) are not correlated, it suffices to consider submatrices corresponding to the
subsets Sig) C S (see (24)) representing equivalent indices. In this sense, the following lemma is the main
ingredient for the verification of conditions (Cy)—(C5). The proof of Proposition 13 is rather long and,
therefore, postponed until Section 3.3.

Proposition 13. Let S C G be a support set and let [3] be an angle class such that S;g C S is not
empty. Then, for all 6 € (0,1),

AL A 5N,
P(||Agy, Asyyy — Idl|22 > 6) < 7| Sjg] exp (‘ i ) :

8/151

Before we turn to the verification of Conditions (Cy)—(C5), we derive two corollaries which follow
directly from Proposition 13. We have already pointed out in (23) that, due to the fact that columns of

A belonging to different angle classes are not correlated, it holds

P(|AgAs — Id||syy > 6) = IP’(rr[ll%X 1A, Asy,) — Idl22 > 6).

Using the union bound and the tail bounds provided by Proposition 13 we arrive at

~ ok~ (S\/Nt
P(|AgAs —Id|ja2 > 8) < T |Sglexp | ——F7—— | . (42)
s - [zﬁ]: i 8/193]

where the sum is taken over all angle classes [3] (with the property that Sp is not empty). Now it
suffices to plug in the inequality |Sig| < n|S|/Ng which applies for -balanced support sets to obtain the
following corollary (recall, that there are exactly Np angle classes [(]).
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Corollary 14. For each n-balanced support set S C G it holds

~ ~ o/ NN
P(||AgAs — Id|2—2 > 6) < 7n|S|exp (—tR> .

8v/nlS|
We use the estimate (42) to derive a bound on the coherence of A. Note, that the coherence of this

matrix fulfills

Ao Ao = Ao, Aol
g;éag\( o0,Ae)| = n[lg]x@@/erglalxe#e,K 0, Aer)|

Let ©,0" € Sig be given. For any matrix M and each entry m; ; it holds |m; ;| < |[[M||2—2. Now, since
(A, Ag/) is an entry of the matrix ASAS — Id, where we set S := {6, 0'}, we obtain

UuN/ Nt>

8v2

from (42). Since we can choose (N/2NR) < (N/Ng)?/2 pairs ©,0" and there are Ny angle classes, an
application of the union bound yields the following corollary.

P(|(Ae, Ae/)| > u) < 14dexp (—

Corollary 15. The coherence of the matriz A satisfies
N2 ( U/ Nt )
8vV2 )

Next we will derive upper bounds for the respective probabilities that one of the conditions (C7)—(C5)
fails to hold.

P(ér;ag)(, (Ao, Ao/)| > u) < N—Rexp

Condition (C1)

We define events C? as
¢ ={|AgAs —1d||2-» <6 < 1/2}.

Clearly, if C{ occurs (i.e., § € (0,1/2]), then it holds H(;lg;ls)*lﬂg_ﬂ <1/(1—4) < 2. Hence, Corollary

14 can be used to show that condition (Cy) is fulfilled with high probability.

Condition (C53)

Lemma 16. Let S C G be a n-balanced support set. If there exist § € (0,1) and u > 0 such that
|AgAs —Id[ss <6,  max|(Ae,Ae)| < u, (43)

0+£6/
then it holds

Ag.Ag(AgA 1-6)°N.
P(|AseAs(AgAs) ™ sgn(as)|oe > 1/4) < 2N exp <_ ()R>

32u2n|S|

Proof. For © € 5S¢ set vg := (;1;;15)’12;2@. Since sgn(xg) forms a Steinhaus sequence, the Hoeffding-
type inequality for Steinhaus sequences of Lemma 31 yields

P(|(ve,sgu(zs))| > 1/4) < 2¢~1/2veld), (44)

In order to derive a bound for the norms ||vgll2 we calculate,

[vellz = (AsAs) ™ Ag Aol < [(AsAs) 2z, [ D (A6, A6) [
Oes
By assumption, H(AZAS)A‘bﬂZ is bounded by (1 — §)~!. Since S is n-balanced, there are at most

n|S|/Ng indices © such that the summands are not equal to zero (recall that columns corresponding to

different angle classes are not correlated). Together with the fact that each such inner product |(Ae:, Ag)|
is bounded by u, we have ||lvgl|2 < u\/n|S|/(1—6)v/Ng. Inserting this estimate into (44) and furthermore
applying the union bound yields the assertion. O
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Condition (Cj)

Lemma 17. If the matriz Ag obeys HA*SAS —1Id||22 < < 1, and sgn(zxg) is a (random) Steinhaus
vector, then it holds

P(|(AsAs) " sgn(@s) oo > 3) < 2|5le”2=0/",
Proof. An application of the triangle inequality yields

I(AgAs) " sgn(@s) oo < || sgn(@s)|lo + [|(AgAs) ™ — Id) sgn(zs) |-

Since the first summand on the right-hand side is equal to 1, it suffices to show that the second term is
bounded by 2 with high probability. Let ve, © € S, denote the rows of the matrix (AgAg)~! —Id. Due
to the assumption it holds ||Id — AgAg|2—2 < d. Thus,

oo

Z Id ASAS (1)
k=

~ %~ 1 ~ % ~ 1)
[vellz = [((AsAs) ™ —Id)esl|s = S m”ld — AgAslla2 < 1T—5

Using Hoeffding’s inequality for Steinhaus sums (Lemma 31) we obtain
P(|(ve, sgn(xs))| > 2) < 26~/ Ivell® < 9¢=2(1-0)%/5,
Finally, the assertion follows by applying the union bound. O

Condition (C3)

Lemma 18. If the matriz Ag obeys ||2&’;215 —Id||2w2 < 1/2, then, for a mean-zero Gaussian vector n
with independent entries of variance 5% and p = 6+/2log(N), it holds,

Pr(|(AsAs) " Agnflo > 2u) < N2

Proof. For © € S we write ve to denote the row of the matrix (:4;:43)_1;1; corresponding to the index
©. An application of Lemma 29 gives, since 5~ '72 is a standard complex Gaussian random vector,

Pr(|(ve,R)| > 2p) = Pp(|(ve, 5 )| > 2\/2l0g(N)) < e~®los)/llvellz,

Since vg, © € S, is a column of the matrix M := :45(;1;25)_1, the operator norm of M provides a
uniform bound for the f2-norms of the rows vg. By assumption ||[AgAs — Id||2—2 < 1/2, and, hence,

lvol2 < IM[35 = |M* M]3z = (A5 As) s < (1—1/2)71 =2,
Combining this with the tail bound above yields
Po(|(ve,n)| > 2u) < e 8108N)/2 = N4,
An application of the union bound, using |S| < N, implies the assertion. O
Condition (Cjy)
In order to deal with Condition (Cy), we need an estimate in the ¢2-norms of the columns of the matrix A.

Lemma 19. The {5-norms of the columns of the matriz A satisfy

P(max | Aol > 2/v3) < Ne 2/ VATV,
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Proof. Tt follows from the definition of the columns A in (8) that ||Ael2, © € G, is given by ﬁ“z”z

. N . i . .
with z = \/% Yoy €T drBAs(i-1) g, where the s; are independent standard complex Gaussian vectors.
= 2=

Thus, also z is an Ny-dimensional standard complex Gaussian random vector so that Lemma 30 yields

P(|Aoll2 > 2/v3) = P(|2ll2 > Ny + (2/V3 = 1)y/Ny) < e~/ V31N,
The assertion follows by applying the union bound. O

Under the assumption that the columns are bounded in the #;-norm, we are able to provide an
estimate for the probability that condition (Cy) fails to hold.

Lemma 20. Let 1 be a mean-zero Gaussian vector with covariance matriz 5°Id and p = 5/2log(N).
If | Aell2 < 2/V/3 for all © € S¢, then
Po (|| Age (Id — g)7t |0 > V20) < N2,
Proof. Note that the ¢3-norms of the rows of the matrix 2&; (Id — TIg) are uniformly bounded by
_ A < - A < .
max [|(Id — IIs)Ael2 < |[Id — IIs|l2-2 max [ Ae]|2 < 2/V3
<1

Using the same arguments as in the proof of Lemma 18 (now with vg, © € 5S¢, denoting the columns of
the matrix (Id — IIg)Ag), we obtain

P, (|(ve, 7)| > V2pu) < e~losMN)/llvells < o=8loa(N) — N—3,

where, in the last step, we used the bound on the norm [|vgl|e from above. An application of the union
bound, using that |S¢| < N, implies the assertion. O

3.1.2 Proof of Theorem 7(a)

Now we are prepared to finalize the proof of Theorem 7. In view of Lemma 12, we only have to verify
that Conditions (C1)—(Cj5) are fulfilled with probability exceeding 1 — 7max{e, N2} in order to show

part (a) of Theorem 7. As we have already noted, Condition (Cy) holds, if ||E;;ig —1Id||a—2 < 4, for
some § € (0,1/2]. Thus, Corollary 14 can be used to show that (C;) is fulfilled with high probability.
Moreover, a careful inspection of Corollaries 14, 15 and Lemmas 1620 reveals that the probability of the
assertion of Theorem 7 failing to hold true is bounded by the probability P(—.A4s.,) + ZZ:Z P(—Ci|As,u),
where each Cy stands for the event when Condition (Cy) is fulfilled, and the event As ,, is defined as

Aso = {|A5As —Tdlaz < 3} 0 { max (Ao, Aor)| < u} N { max | Ae s < 2/V3}. (45)

=c?

=: &Y =:&
Now, Corollaries 14, 15 and Lemma 19 imply

P(~As.) < P(=C) + P(—EF) + P(=&;)

6V NrNy TN? uy/ Ny Ty
< . . (2/+/3-1) Ne
< 777|Sexp< 8 /S| ) + Ny exp WG + Ne (46)

Due Lemmas 16, 17, 18, and 20 we have the following bounds on the failure probability of Conditions
(C2), (C5), (C3), and (C4) — conditional on the event As,,:

P(~CalAs) < 2N~ (=97 Nr/32unlS], P(~Cs|As,4) < 2|8[e 2170/, (47

)
P(=Cs]As.u) < N 73, P(=Cy4|Asu) < N2, (48)

Since we claim that the assertion of Theorem 7 holds true with probability exceeding 1 — 7 max{e, N2},
2

it is enough to verify that each of the seven terms in (46), (47), (48) is either bounded by € or by N~=.
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Since this holds trivially for the terms in (48), we are left with the terms in (46) and (47) which, as we
will see, can all be bounded by €. Due to the definition of the parameter 1 (cf. Definition 6) it holds
(note that each equivalence class contains N/Ng elements)

1Sl _ N/Ne _ N

= max < = —.
TS 1S/ Ng = S|/Ne 18]

Thus, 7|S| < N, which yields that in order to verify that the first term in (46) is smaller or equal to € it
is sufficient to show that

O g2 (7?7) < NaN,, (49)

whereas for the second term in (46) to be smaller or equal to € it suffices that

128N, 7N?2
B 10g? (EN ) < NgN;. (50)
R

w2
The term log(7N?/eNg) is dominated by 2log(7N/e) and, therefore, we can can set

u = 6v/8Ngr/\/1|S] (51)

in order to ensure that (50) is already implied by (49). In order to show (49), we set
__
/K log(eNJe)’

where K > 0 will be chosen below. With this the left-hand side of (49) can be estimated as

64;72|S‘ log? <7i\7> = 64K7n|S|log (6N> log? (72\[) < 64K log®(7)n|S|log® ({j)

e

Due to the assumption (25) we have
N
NgrN; > Cn)|S] log® <5>7

where C' > 0 is a suitable constant. By setting C' = 64K log®(7), we establish (49) (and, hence, also (50))
which means that both the first and the second term in (46) are bounded by . In order to ensure that

the last term Ne—(2/V3-1°Ne jp (46) is bounded by the second one (and, hence, is also smaller or equal
to ¢), it suffices to have (2/v/3 — 1)2N; > uy/N;/8+/2 which, recalling the definition of w, is equivalent to

5§4(2/\/§_1)2 n‘]Slet.
\/ R

Since by definition of the parameter n we have 1|S|/Nr > [Sig)| > 1 and, moreover, N; > 1, anyway,
this latter condition is fulfilled as long as § < 4(2/+/3 — 1) which is fulfilled whenever K is sufficiently
large. Since log(eN/g) > 1, and, hence, § < 1/vK, we have for the first term in (47), recalling that
u? = 862Ng/n|S|,

- dPNRY ek
2N exp < s2u2n8] ) = 2N exp 97652

2
CoNexp |- 1o — 1| Klog <6N>
256 VK log(eN/e) €

< 2N exp <—2é6 {1 _ \/}rKlog (?)) — 2N exp (—2;3 [\/I?— 1]210g (2;\7)) .

Therefore, in order to show that the first term in (47) is bounded by e, it is sufficient to ensure that
(VK —1)? > 256 = 162 which holds true if vK > 17. The second term in (47) is bounded by the first
one. Finally, the condition § < 1/2 is satisfied since § < 1/ VK <1 /17. This finishes the proof Theorem
7(a). O
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3.1.3 Proof of Theorem 7(b)

For part (b) it remains to derive the stated approximation property of the solution to the debiased LASSO
with respect to €g. From the proof of part (a) it follows that, with high probability (as stated in the
theorem), the columns of the matrix Ag are linearly independent. Hence, the solution z# to the least
squares problem (20) is given by z# = (A5Ag) ' A%y. Indeed, this formula can easily be verified by
calculating the corresponding optimality conditions. Since x is exactly sparse and supported on the set .S
it holds y = Agxs + n, i.e.,

2# = x5+ (A5As) L A%n.
Now, by a standard inequality between the /5 and the {,,-norm,

|27 — asllz = (A5 As) " Agnllz < V5[ (A5As) AN, (52)
Since we may assume that we are in the event where condition (Cs) holds true, we have the estimate

20

VN7 NeN,

where, in the second but last step, we plugged in the definition of y from (40). A combination of this
latter inequality with (52) implies the desired approximation property. O

[(A5As) ' Asnllw = [[(AgAs) ' Aghla < 2u = 251/210g(N) = 2log(N),

3.2 Recovery via basis pursuit denoising under sparsity defect

We replace the original constraint ||Az — yl||2 < ¢ of the basis pursuit denoising program (11) by the
equivalent constraint H;lw —Yll2 < 8, where 9 = 9/v/NpNrN;. For the proof of Theorem 8 we use a
general recovery result for basis pursuit denoising stated as Theorem 21 below. The original result [14,
Thm. 4.33] uses an inexact dual certificate which in our case can actually be taken as the canonical exact
dual certificate given by

h = ;15(;1;:45)_1 sgn(zxg).

Hence, the following Theorem 21, as it is formulated here, is a special case of [14, Thm. 4.33], see also [19].
The constants C; and C5 appearing in (54) below can be calculated explicitly using the corresponding
formulas in [14, Thm. 4.33]. However, we refrain from doing so at this point.

Theorem 21 (cf. [14, Thm. 4.33]). Let € CN be given with s largest absolute entries supported on
S C [N]. Assume that measurements y = Ax +n € C™ are given with m < N and ||n|2 < o. If

|AgAs —Td[a2 <0 <1,  [|AgAs(AgAs) " sgn(as)]|eo < 1,
and, moreover, for ay,as >0,

max [AgAdl> a1, [[As(AsAs) ! sen(xs)]l2 < axv/5, (53)

then each solution x# to the basis pursuit denoising program
min ||z||;  subject to ||Az — |2 <
z

satisfies

le# — 2l <C1 inf &’ — x|+ Cav/sg, (54)

S-sparse T
for some constants Cy and Cy depending only on §, aq, as.

Remark 22. The error estimate (54) is slightly weaker as the one that holds under the RIP, see (12). In
fact, (54) features the ly-norm on the right hand side, but (12) states an error estimate in the £1-norm.
This seems the price one has to pay when not working with strong recovery conditions such as the RIP.
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3.2.1 Proof of Theorem 8

In order to prove Theorem 8 we show that the assumptions of Theorem 21 are fulfilled with high
probability. This can be achieved by simply repeating some of the arguments we already used during the
proof of Theorem 7. Indeed, recalling the event As,, (see (45)) from the proof of Theorem 7, where we
now choose § = 1/2 and u as in (51), then it holds (for details see the proof of Theorem 8)

Asw C{|AgAs —Id||25 < 1/2} N {max |Aoll2 < 2/V3}.
This means that, in case of the event A;,, it holds
max | A5 Al < A% ]2-2 max | Aellz < 2T+ 1/2/v3 = V5,

and, moreover,

’\/1174—6(5\/;:\/6\/;

|As(A5As) ™ sgn(zs) ]2 < [|Aslla—2](A5As) ™ 22l sgn(zs)]l2 <

As a consequence, by setting a; = v/2 and o = /6 the assumptions in (53) are automatically fulfilled,
provided that the event As, occurs. Finally, as the proof of Theorem 7 shows, it holds P(—.A4s,) < 3¢
and (by Lemma 16)

P(||Ag. As(AgAs) " sgn(@s)|lee > 1/4 | Asy) < e

This is also a consequence of the special choice of u, depending on 4, and the condition (28) on the
number of targets s from the assumptions of Theorem 8. Thus, using the union bound, the probability
that the assumptions of Theorem 21 fail to hold are bounded by

P(~As.) + P(|Age Ag(AgAg) sgn(@s)|ls > 1/4 | Asw) < 32+ = 4e. O

3.3 Proof of Proposition 13

We now show Proposition 13 concerning the well-conditionedness of the submatrix ASW]. In what
follows we write s(;,) for the a-th entry of the signal vector s;. In order to analyze the quantity

|\Zf;m ZASW —Id||2—2 we write the matrix product A;W ;ls[ﬁ] as (see Appendix C, (76) for a proof)

Nr N,
' A _— i,a),(7,b
AS[B]AS[B] - Z Z S(i,a)s(j,b)Y( b, (55)

i,j=1a,b=1

where Y (#)0:9) i an |Sig)] X |Sig| matrix which, for indices ©,0" € Sz, © = (8,7, f), ©' = (6,7, f'),
is given entrywise by

~Ny (NP V)~ Let2™ £ (r+a=1) ga2m-dr As[8' (1) —B(i~1)] (56)

[Y(i,a),(jyb)]@7@, = 60,71),7'/*7'

and where .. is defined in (29). By subdividing the sum in (55) into an off-diagonal part containing the
summands with (i,a) # (4,b) and a remaining diagonal part, and then applying the triangle inequality, it

follows that

w -
HAS[m AS[B] - Id”zaz

Nt N ) ) Nt Ni . )
<| [ S poryeoeo] ] ] 35 sy o
i=1a=1 22 i,j=1a,b=1 22
(4,a)7#(3,b)
= [ Y= = Id|[2—2 + [V £[2-2- (57)
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A tail bound for | Y- —Id||2—2
By plugging in the definition of the entries [Y(i’“)’(i’a)]@,@z from (56) one finds

t

Nr , N, , N
DD YOG o = 6 (Ne Ny~ L i > ¢ i () D ezmdr s (B

i=1 a=1 a=1 i=1

= de,0,

i.e., the sum over all matrices Yy (49):(19) g the identity matrix. Therefore, we can write the matrix

Y_ —1Id in (57) as a sum over random matrices, namely
N M ( a) =~ (i,a) . .
—-ld=3 3 Y Y = xpa YOO N = lse - L (58)
i=1a=1

The random matrices ?(z,a) have block diagonal structure. To see this, we partition the index set Sjg) as

Sig = U ST Sl ={(B, 7', ) € Sy : 7' =7}

TE[N]

Recall that the matrix Y #®+ (4 is given entrywise by

YD o0 = 6, (Np Ny~ R (haD g ds(6'=9)i0)

The appearance of the factor ¢, . implies that the matrices y (6:a),(isa) (and, hence, also f’(w)) have
a block diagonal structure. In case of the matrices f’(l’a) one obtains — enumerating the indices
(B,7, f) € Sig adequately —
Agi,a)
~(i,a A(i)a) i i i *
7 v C G = ol o) 59)
ALY

where the vectors v(f’a) e C1%l are given entrywise as

[vi)] = (NpN,)~V2e2md (rhamDgamdr A=) (5 7 f) € ST,

(B,7.f)

Note, since for particular choices of 7 € [IV¢] the index sets S’[TB] might be empty, it is possible that some

blocks Af’“) appearing in (59) might be zero-dimensional. In order to analyze the random variables
n (58), we use the following result, taken from [30]. Below we write Apax(+) to denote the maximal
eigenvalue of a given (self-adjoint) matrix.

Theorem 23 (cf. [30, Thm. 6.2]). Consider a finite sequence { X} of independent, random, self-adjoint
d x d matrices. Assume that

!
EX,=0 and EX? < %RP—QAi, forp=2,3.4,... (60)
Compute the variance parameter

o =13 Al (o1
k

Then the following chain of inequalities holds for all t > 0:

t2/2 dexp(—t?/40?), fort<o?/R,
P</\mam<zk:Xk> = t) < dexp <_ o2+ Rt) = {dexp(—t/4R), fort>o?/R. (62)
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In our case the matrices X are glven by the matrices Y belng defined in (59). Clearly these

matrices are self-adjoint and, moreover EY ) _ 0. In order to provide for all further inequalities in (60)

we first calculate powers of the block matrices A% in (59):

-2
_ ) a2 (i Sl \" " ¢y an2
A(Z7a) p — (i,a) (4,a)\P 2 A(Z’a) 2 — 4] A(’L#a) . 63
(A9 = (o), w62 [AG9) = () (G )
The random variables x(; o) in (59) are subexponential with

P(IX(a) =) =P(lsga)> — 1] 2 1) SP(lsao)? >t —1) <e 7D =ee™,

where the second inequality follows from Lemma 28. Using basically Fubini’s Theorem and a change of
variables (see, e.g., [14, Prop. 7.1]) and, furthermore, plugging in the tail estimate from above, we obtain
for p > 2,
o0 o0 '
Elx@,a)l? = p/ tp_1P(|X(i,a)| >t)dt < ep/ tPlet qt = 265 (64)
0 0

For the last equality we used that the appearing integral is equal to I'(p) = (p — 1)!, where I' denotes the
well-known Gamma function. Finally, by combining (63) with (64) and recalling (59) we observe that

T p—2
> P p' maXTE[Nt] ‘S[ﬁ]| i,a),(i,a)12

With the matrices v2eY (#®>(49) in place of the matrices Ay, the quantity (61) can be calculated as

izt: sza)(ia)} izt:Yza)(zay(la)(za)

i=1a=1 i=1a=1

emaXTG[Nt] 153

—9
€ NyN,

2—2

where we used that

S S () 5) () 1) 505!
Yz,a,z,aYz,a,z,a:| :6@,@’ )
[;; 6.6/ Nr Ny

(The proof is analog to the identities in (81), see the appendix.) A direct application of Theorem 23,
where the first bound in (62) applies, yields

6/2)2N+ N, 82N+ N,
P(| Y= — Id||ase > 6/2) < |S[B]|6Xp< (0/2)" N Ny ) < | Sy exp (-“) (65)

4 - 2emax ey, [Ty 32e|Sg|

A tail bound for ||Y+||2—2

In order to derive a tail estimate for the quantity ||Y||l2—2, we examine the moments E[|Y|3™,, m € N.
We use decoupling (see, e.g., [14, Thm. 8.11]) in order to obtain

Nt Ny 2m Nt Ny 2m

B V437 =B > > 5qasqnY TP <amE > N g0 YO (66)
i,j=1a,b=1 22 i,j=1a,b=1 22
(4,a)#(5,b)

where the f(i,a)vfzj‘,b)v (i,a), (4,b) € [Nr] x [IVy], are independent standard complex Gaussian random
variables. The term on the right-hand side can be estimated by means of the following Khintchine-type
inequality for a homogeneous matrix-valued chaos of order two taken from [25]°. Although the original
result [25, Thm. 6.22] is formulated for independent Rademacher random variables, a careful observation
of the proof reveals that it is also true for standard complex Gaussians.

2 Note that due to the comment after the formulation of the original result in [25] the extra factor 2'/2" appearing
right-hand side of the assertion in [25, Thm. 6.22] can be removed. In the original version of [25, Thm. 6.22], the quantity
||FH§T;M was missing; this has been corrected in a new version which can be obtained from the personal website of HR.
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Lemma 24. Let By, k,{ =1,... M, be complex matrices of the same dimension and let £, &), k, ¢ € [M],
independent standard Gaussian random variables. Then, for m € N,

2m

M
Z Er&e Bl

k=1 S2m
/2(12m M 1/2(2m
(2m) : *
< (zw wa{ |( 3" B.BLL S BB R EE Y
’ k,t=1 Sam k=1 Som

(67)
where F,F are the block matrices F = (Bio)pp—y and F= (32,4)%:1, respectively.

In our setting, the matrices By ¢ are given by the matrices y (60),(3:0), Therefore, F' and F appearing
in the assertion of Lemma 24 are block matrices consisting of [S(| x [Sig)| blocks. In the following we
calculate the Schatten 2m-norms of the matrix F. To this end we compute the eigenvalues of F*F.
Like the matrix F itself also the product F*F consists of |Sjg|-dimensional blocks. A straightforward
calculation using the definition of the matrices reveals (see the end of Appendix C for the details) that
the block at position (i,a), (j,b) of this matrix product is entrywise given by

[F*FIGQ 07 = 575 Ny NG 2| S 2t e gmdr sl -1 =306,
Due to the appearance of the factor 5 ' brta the matrix F*F can be transformed into a block diagonal
matrix by merely rearranging the ordermg of the rows/columns. Hence, we assume without loss of
generality that F* F is block diagonal, with the blocks A1, As, ..., Ay, on the diagonal, where each block

A, is a rank one matrix of the form

S
|Sig] w.
N7 N?

t

A, =

and where for each & € [N;] the vector w,, € CN7I511l is entrywise given by
s ,
[we]io = 2™ (Fh) g2mdrApfi=1) i € [N7], © € Sig

Hence, ||w, |3 = Nr|Sig| and, therefore, w,w} has exactly one nonzero eigenvalue, equal to Nr|Sig].
This implies that also the block A, has exactly one nonzero eigenvalue which is equal to |Sg |2/N? and,
thus, |Axlls,, = |Sig[?/NZ. With this we can calculate,

|Sig )™
Nt2m—1

|Sia™

* m m ‘Sﬁ|2m
IFIZ, = 1FFIZ, = 3 IAlE, = Ne—oh— = [Sp] N

N2m
KE[N] ¢

< |5l

(68)

where we used that, without loss of generality, |Sig| < N;. By using the same arguments for the matrix
F' it is straightforward to verify that also

e
Nm

IFIIZ, < 1S (69)

holds true.
We proceed with estimating the first two quantities in the maximum expression in (67). As we
calculate in Appendix C (see (81)),

S5 X8 (i )y ) G R )y ). R
i,a),(7,b (i,a b (i,a b ,a),(7,b) __
Yo D YEOUly ta il = % T Ty (el " — S,

i,j=1a,b=1 ij=1a,b=1

Therefore, the corresponding Schatten 2m-norm in (67) can be calculated as

T Ny 1/212m Nt Ny 1/2
H[ ) Y(z‘,a»(y‘,b)[Yu,a),(j,b)]*} _ H[Z 5 [Yu,a),(j,b>]*y<i,a>,<j,b>]

i,j=1a,b=1 Sam i,j=1a,b=1

2m
|S(g ™
= |5 .
| [B]| N

2m
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Now a direct application of the Khintchine-type inequality (see Lemma 24 above) to the moments in (66),
using (68), (69), and the latter equalities implies

2m
. o em)? |S;g1|™ 2m)! 2 4./1S4]
B8 < (k) sy [P~ (Z0) Isil { LR ) (10

Using Stirling’s formula, one can easily verify that

o)l < Va(2/ey ™,

Therefore, the moments in (70) can further be estimated as

2m
m 8ISl ", om
EH)’#II%%QISW]I( : \/Nif]> m", (71)

which holds true for m € NU {0}. Holder’s inequality implies
]E|Z|2m+20 — E[|Z‘(1_9)2m|Z|0(2m+2)] < (E|Z|2m)l_0(E‘Z‘2m+2)9,

for any random variable Z, and each 6 € [0,1]. Combining this with (71) gives

2m+26
8./]5
E|lY 2[5 < 2|54 (ﬁ) m2m(1=0) (4 1)@m+2)0,

For m € N we estimate the last terms as

26(1—6)
m 1
m2m(1—9)(m + 1)(2m+2)9 _ (m1—9(m + 1)9)2 +260 (m + ) < \/§(m + 9)2m+297 (72)
m

where we used the inequality between the (weighted) arithmetic and geometric mean and, furthermore,
used the fact that (m +1)/m <2 and 6(1 —6¢) < 1/4. Since
inf{z®: x>0} =e /¢ >3/5,

we can replace /2 on the right-hand side in (72) by 3 leaving us with an inequality which is now also
valid for m = 0. Altogether it holds for all real p = 2m + 26 > 0,

1/p _ 4/15| 1/
(EY.I5,,) " < 67\/]7[:(6‘5[61‘) "p.

In order to obtain a tail estimate for the random variable ||Y+||2—2 it only remains to apply the following
lemma which is a direct implication of Markov’s inequality. For a proof see, e.g., [25, 14].

Lemma 25. Let Z be a random variable and suppose there exist constants a, B,7,po > 0 such that
(]E|Z|p)1/p < ap'/rpl/v,

for all p > pg. Then it holds for all u > p(l)/v,
P(|Z| > e Vau) < Be /7.

By applying Lemma 25 we obtain

(73)

0V N,
(19 4la 2 5/2) < lsialenp - 5 ).

8154
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Figure 2: Probability of perfect reconstruction of support sets for varying sparsity levels |S|. Blue
plots: Randomly chosen support sets having constant balancedness parameter 7 as indicated. Red plot:
Randomly chosen support sets with no restriction on the balancedness parameter.

Conclusion

Finally, due to the definition of the matrices Y., Y= in (57), an application of the union bound and
plugging in the tail bounds (65), (73) (noting that (65) is dominated by (73)) implies the assertion of
Proposition 13. [

4 Numerical experiments

We conduct numerical experiments in order to test the effective empirical probabilities of perfect re-
construction of support sets using the LASSO functional, as considered in Theorem 7. Due to runtime
limitations we only perform simulations for the Doppler-free scenario. As pointed out in in Section 1.6,
this case is contained in our analysis as a special case. This means in particular that the same influence
of the parameter 7 on the recovery properties can be expected. This is indeed supported by the results of
the numerical experiments described next.

We consider the case where Ny = Np = 8 and N; = 64, yielding a problem dimension of
N = NrNrN; = 4096 and a total number of m = NrN; = 512 measurements. We run simulations with
varying choices for (|S],n), where |S| is the number of targets and n defines the actual balancedness of
the considered support sets (see Definition 6). For each such pair (|S],n) we try to reconstruct 1000
independent random target scenes & from measurements y = Ax+n by minimizing the LASSO functional
(19) with A = 201/2Ny NN, log(N), and where, in each run,

e the signal vectors s; (generating the measurement matrix A) and also the noise vector n are drawn
randomly from standard complex Gaussian distribution, i.e., we choose 02 = 1 as the variance of
the noise,

e the support set S of o is drawn uniformly at random from all possible support sets having
balancedness parameter 7,

e the phases of the nonzero entries of x are drawn uniformly at random from [0, 27),
e and the amplitudes |zg|, © € S, are set to the threshold level defined in (26).

We use the Matlab library TFOCS [2] for the minimization of the LASSO functional (19). Since
TFOCS uses an iterative solver and, hence, in general only approximations to the desired minimizer can
be computed, and we consider a target scene = to be successfully recovered if |z — ¥/, < T for an
appropriate thresholding 7 > 0.
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In Figure 2 we depict the results of our simulations. It becomes evident that small values of the
parameter n have a positive impact on the probability of perfect reconstruction of the support set S.
Moreover, as predicted by formula (25), the dependence of the number of maximal reconstructable targets
|S] (for a fixed number of measurements NgN;) on the parameter 7 is linear.
Acknowledgment
The authors acknowledge funding from the European Research Council through the Starting Grant
StG 258926.

Appendix

A Orthogonality of the matrices Xg

Due to the definition in (31), for (i,5) € [Ng] x [Nr], the (i, 5)th Ny x N; block of Xg is given by
ngj] — eszngAg(i—l)6127r~dT,8A5(j—1)MfTT.

Lemma 26. The set of matrices {\/ﬁ/\f@, GRS g} forms an orthonormal basis.

Proof. We calculate the inner product (Xgr, Xg) = Tr(X5 Xeo). To this end we calculate the (5, j)th
block of the product X§ Xo (recall, X5 Xg is a Ny x Nr block matrix consisting of N; x N; blocks),

Ngr Ngr
* i x 1[4,k k,J LNMIPPYILN
(X XolT'9 = 3 x5 0 HALT = 5 (x5 X
k=1 k=1
Nr
=Y AR B B B (D2 dn8a (k=) gi2m-dr 503 =V, M, M T,
-
k=1
/ Ngr
_ e—’L2‘n’-dT/3lA/3(j/—l)el2ﬂ'dTﬁA/3(j_1)eZQﬂ-. (f;hf )t Z eZQﬂ.dR(ﬁ_ﬂ/)Aﬂ(k_l)Mfff/TTfT/
k=1

(74)
For the last equality we used that

F=f)
N.

T MG M T, =™ 5 " My p Ty,

which follows directly from the definitions of the operators My and T, (see (6)). Due to (74), the
Frobenius inner product between two matrices is given as

Nt
(Xor, Xo) = > Tr(|X5 Xo])
j=1
NT ( ) NR
_ <Ze7,27r-dT(ﬁB')A3(j1)> fN{ ! Z6127r~dR(ﬁ,B')Aﬁ(szl)Tr(Mf_f/TT_T/)'
j=1 k=1

Since M ;_¢ is a diagonal matrix, the trace of the product M ¢_ T ._,+ can only be nonzero if at least
one of the diagonal entries of the matrix T',_, is nonzero, i.e., if 7 = 7’ so that T',_,» = Id. This means
that

N,
N, if f=f
k—1) t ’
Te(My_pTr ) =Tr(My_y) Z Ea {0 otherwise
k=1 '

Recalling the formula for (Xg/, Xg) from above implies that for this inner product to be nonzero
it necessarily has to hold that ©® = ©@. Indeed, this follows from the appearance of the factor
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Z;Vgl e2mdr(5=F)85(=1) which (recalling that dp = 1/2 and Ag = 2/NpNg, see (1), (4)) is only
nonzero (and equal to Nr) if 8/ = . Finally, we can conclude

(Xor, Xo) = dor, 0o NT NrNy.

The normalization yields the result. O

B Proof of Lemma 11

For small u the first term on the right-hand side of (37) can be obtained by a volumetric argument. To
this end, let for S C {1,..., N}, Bs C C¥ denote the set of all vectors & with ||| < 1 and support in S.

Introducing |[|z||| := || Vz|l2—2 we find using (35) and a volumetric estimate, see e.g. [14, Proposition C.3],
s/N 25 s/N 25
NBs. I llw) <N (Bs /o7 o) < (1423250 ) < (53208007,

where for the last inequality we used the assumption v < 1/s/N;. Since A is the union of all sets Bg
with S C [N], and there are (V) < (eN/s)* possible choices for S it holds

N(A7 || ’ ”2%27 ) eN/s 3\/ S/Nt/u 26

which implies the first bound in (37), namely

2 N
log (A, | - 1253, 4) < 25 (log<ezv/s> +log (Wfﬁ» < slog (ugNt).

For the second bound from the assertion we exploit the fact that

{x € CN : 2 s-sparse, ||z||2 <1} C V2sconv U {eo, 1eo, —eo, —1ee} =: D
oeg

and, hence, the set A from (33) is contained in the set {‘N/'m NS 55} The following is a version of
Maurey’s lemma. For a proof see, e.g., [20].

Lemma 27. There exists an absolute constant ¢ for which the following holds. Let X be a normed space,
consider a finite set U C X of cardinality N, and assume that for every L € N and (u,...,ur) € U*,
E|| Zle e;ujllx < AVL, where (e1,...,e1) denotes a Rademacher vector. Then for every u > 0,

log N (conv(U), || - ||x,u) < c(A/u)?log(N).

In order to apply Lemma 27, we need to estimate the quantity E¢|| Zﬁzl 6V, |22, where (w1, ..., uz)

is a sequence of extreme points in 55 and € = (e1,...,€1) is a Rademacher vector. The noncommutative
Khintchine inequality [3, 25] — originally due to Lust-Piquard [23, 24] — or more modern estimates based
on moment generating function bounds [30], see also [14, Problem 8.6(d)}

N 1/2
E||Zekvuk|2ﬁzN\/1og<Nmax>max{||Z 2 u,cnm,nz R (75)
k=1 k=1

where Ny .« stands for the maximum of the dimensions of the matrices Vuk ‘7“ and V. kVuk, and can be
estimated by max{NrN;, Ny N;} < N. Using the estimate (35) for ||Va, |l2—2,

2s
1Var V252 = Vi, Vi ll2s2 = Vi 3 < HukHl N,

An application of the triangle inequality yields, using the Khintchine inequality (75),

L
~ 2s
]E€||l;ekVukH2%2 < +/log(N) ﬁt\/z

Finally, we can apply Lemma 27 yielding
log V(A | - lla2:u) S

N log?(N).

This establishes the second bound in (37). O
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C Basic calculations for Proposition 13

The proof of Proposition 13 is based on the fact that

Nr N

A A _— i,a),(7,b
AgAspy = Z Z s(@,,,)s(j,b)Y( b, (76)

i,j=1a,b=1

where we write s(; o) for the a-th entry of the signal vector s; and where for ©, 0’ € Sig the corresponding
entry of a given matrix y (1:a),(3:0) i given by

[Y(i7a)1(j7b)] , = 5N T(NTN) 1 1277

a—b,r’

(T+a 1) 2mdrAg[B (j—1)— B(i—l)]7 (77)
To see this we recall that, according to (22), the inner products (Ag, Ae/) satisfy
[Asm] As[ﬂ]]@,@/ = (Ao, Ao) = (NrNpN,) " (Ae, Ao')

= (NrNy)™ Z 2 dr Mg (j—1)—B(i—1)] (M T, s;, MT.s;),
,j=1

where we used that both ©,0" € Sig). Recalling the definitions of the operators My, T~ (see (6)) one
obtains for the latter inner product,

N¢ Ny
- 2L E=DTo7
(M[T,s;, MpTrs;) = [M;T,s]x[MpTrsili=» e R T T
k=1 k=1
N,
= Y e T )
a,b=1

By combining the identities from above one finds

Nr N,

[ASIMASBJ 6,6 = Z Z 5(6.a)5(j.b) O s —r (NTN) ™ e ;f“Jra_l)dgdeAB[B/(j_l)_ﬂ(i_l)],
i,7=1a,b=1

:[Y(i,a),(j,b)]@y@, ,see (77)

which shows (76).
The matrices Y #:0:) allow for a simple formula for their adjoints, namely

[y 0G0 — G0 Ga) (78)

The product F*F

The matrix F consists of the blocks Y (%) given by (77). Therefore, F is self-adjoint so that
F*F = F?. Like F also the product F? consists of blocks and the block at the (i, a)-th (block) row and
the (j,b)-th (block) column is given by

Nt N
[FQ](iﬁa)’(jvb) — Z Z Y(La)f(""Q)Y(Tv‘I)’(j#b)' (79)

r=1gqg=1
Recalling (77), the appearing summands Y "0y (m9:G:) are given entrywise by

[Y(i’a)’(T’q)Y(T’q)’(j’b)](._)’@/ — Z Y(Z a),(r, Q)Y(r q),(4,b)

. 0.6 6.0’
@63[/3]
~ ~ i _ I =Fan : .
NTNt Z 611 NI;T T qJ\;;T/ %eZQW w7+ 1)6127‘- v (T+a l)eZQW'dTAﬁ[f@/(J_l)—B(Z—l)]
@GS[ 8]
2 ¢~N T+a— 2 =L a+7—1) 127-drAg[B' (j—1)—B(i—1
= (NTNt) 57’ +tb ‘r+a|S ] q‘e e ( )61 mdrAslA )=Al )] (80)
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Combining this with (79) yields

t

NT ’
FF|GSUD = 33 600, (NN 2 ST afer2m et (7D g g[8 G=1) =31

r=1q=1

=6y rraNT NS g \eﬂ”‘f%f@”—”em-dmg[B/(j—l)—ﬁ(i—lﬂ.

Properties of the matrices y (40),(3:0)

The proof of Proposition 13 uses the identities

%T: i: (i,a),(4, b y (6a),(Gb) — %T: i Y(i,a),(j,b)[Y(i,a),(j,b)]* _ |S[m|Id. (81)
< Ny
i,j=1a,b=1 i,j=1a,b=1

Due to (78), and by plugging in the identity we used in the second step of (80), the second sum is given
entrywise by

SES 50y (), (i) e N s T et e (8'-B)i-1)
(i,a),(j J i,a , — S 27\' Tt+a— 'LZﬂ'dTA;g,B —B)(i—1

> 2l loor =2 > broir wg

4,j=1a,b=1 i,7=1a,b=1

’ Ny ’
5 Nr|Sg)| 61277‘%7' Z ez27r~fN_tf(a—l) Z pt2mdrAp(8'—B)(i-1) _ 560 |51

) 2 , )
(N7 N) a=1 i=1 k

which establishes the second equality in (81). The first equality follows due to symmetry.

D Basics from probability theory

A complex-valued random variable ¢ is standard complex Gaussian iff it has (complex) densfcy Le—lel , or,
equivalently, £ can be written as £ = x + 1y, where x,y ~ N(0,1/2) are independent standard Gauss&an
random variables. More generally, a mean-zero complex Gaussian random variable with variance o2 is of
the form o€, where ¢ is a standard complex Gaussian.

Lemma 28. For a standard compler Gaussian random variable € it holds

P(¢| > 1) < et

For a standard complex Gaussian random vector € (having independent, standard complex Gaussian
entries) and a (deterministic) complex vector a of the same dimension, the random variable z := (a, £) is
mean-zero complex Gaussian with variance ||a||3. This implies the next statement.

Lemma 29. For a standard complex Gaussian random vector € and a complex vector a of the same
dimension it holds

P(|(a, &) > t) = P(|¢] > t/||all2) < e /elE,

For a 2n-dimensional standard Gaussian random vector g we have, due to [14, (8.89)],

P(|lglls > V2n+1t) < e /2

Since an n-dimensional standard complex Gaussian random vector £ can be considered as a (real-valued)
2n-dimensional standard Gaussian random vector g with independent entries from A (0,1/2), we have
the following lemma.

Lemma 30. For an n-dimensional standard complex Gaussian random vector € it holds

P(l€ll2 > vV +1t) = B([27glla > v + t) = P(llgllz = V2n + V2t) < e
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Finally, the following lemma states a Hoeffding-type inequality for Steinhaus sequences. Recall that a

Steinhaus sequence is a sequence of independent random variables which are all distributed uniformly on

the

complex unit circle {z € C: |z| = 1}.

Lemma 31 ([14, Cor. 8.10]). Let a € C* and € = (ey,...,€1) be a Steinhaus sequence. Then
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