LEARNING DEEP LINEAR NEURAL NETWORKS: RIEMANNIAN GRADIENT
FLOWS AND CONVERGENCE TO GLOBAL MINIMIZERS
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ABSTRACT. We study the convergence of gradient flows related to learning deep linear neural networks
(where the activation function is the identity map) from data. In this case, the composition of the network
layers amounts to simply multiplying the weight matrices of all layers together, resulting in an overparam-
eterized problem. The gradient flow with respect to these factors can be re-interpreted as a Riemannian
gradient flow on the manifold of rank-r matrices endowed with a suitable Riemannian metric. We show
that the flow always converges to a critical point of the underlying functional. Moreover, we establish that,
for almost all initializations, the flow converges to a global minimum on the manifold of rank & matrices for

some k < 7.

1. INTRODUCTION

Deep learning [10] forms the basis of remarkable breakthroughs in many areas of machine learning.
Nevertheless, its inner workings are not yet well-understood and mathematical theory of deep learning is
still in its infancy. Training a neural networks amounts to solving a suitable optimization problem, where
one tries to minimize the discrepancy between the predictions of the model and the data. One important
open question concerns the convergence of commonly used gradient descent and stochastic gradient descent
algorithms to the (global) minimizers of the corresponding objective functionals. Understanding this problem
for general nonlinear deep neural networks seems to be very involved. In this paper, we study the convergence
properties of gradient flows for learning deep linear neural networks from data. While the class of linear
neural networks may be not be rich enough for many machine learning tasks, it is nevertheless instructive and

still a non-trivial task to understand the convergence properties of gradient descent algorithms. Linearity
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here means that the activation functions in each layer are just the identity map, so that the weight matrices
of all layers are multiplied together. This results in an overparameterized problem.

Our analysis builds on previous works on optimization aspects for learning linear networks [22] [12] [ [3]
9, 21]. In [3] the gradient flow for weight matrices of all network layers is analyzed and an equation for the
flow of their product is derived. The article [3] then establishes local convergence for initial points close
enough to the (global) minimum. In [9] it is shown that under suitable conditions the flow converges to a

critical point for any initial point. We contribute to this line of work in the following ways:

e We show (see Corollary that the evolution of the product of all network layer matrices can
be re-interpreted as a Riemannian gradient flow on the manifold of matrices of rank r, where r
corresponds to the smallest of the involved matrix dimensions. This is remarkable because it is
shown in [3] that the flow of this product cannot be interpreted as a standard gradient flow with
respect to some functional. Our result is possible because we use a non-trivial Riemannian metric.

e We show in Theorem [5| that the flow always converges to a critical point of the loss functional LV,
see . This results applies under significantly more general assumptions than the mentioned result
of [9].

e We show that the flow converges to the global optimum of L!, see , restricted to the manifold of
rank k matrices for almost all initializations (Theorem7 where the rank may be anything between
0 and r (the smallest of the involved matrix dimensions). In the case of two layers, we show in the
same theorem that for almost all initial conditions, the flow converges to a global optimum of L2,
see . Our result in the case of two layers again applies under significantly more general conditions
than a similar result in [9]. For the proof, we extend an abstract result in [I5] that shows that
strict saddle points of the functional are avoided almost surely. Moreover, we give an analysis of the

critical points and saddle points of L' and LV, which generalizes and refines results of [12, 21].

We believe that our results shed new light on global convergence of gradient flows (and thereby on gradient
descent algorithms) for learning neural network. We expect that the insights will be useful for extending

them to learning nonlinear neural networks.

Structure. This article is structured as follows. Section [2] describes the setup of gradient flows for learning
linear neural networks and collects some basic results. Section [3] shows convergence of the flow to a critical
point of the functional. Section [@] provides the interpretation as Riemannian gradient flow on the manifold
of rank-r matrices. For the special case of a linear autoencoder with two coupled layers and balanced
initial points, Section [5| shows convergence of the flow to a global optimum for almost all starting points

by building on [22]. Section |§| extends this result to general linear networks with an arbitrary number of
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(non-coupled) layers by first extending an abstract result in [I5] that first order methods avoid strict saddle
points almost surely to gradient flows and then analyzing the strict saddle point property for our functional
under consideration. Section [7] illustrates our findings with numerical experiments. Appendices [A] and [B]
contain detailed proofs of Propositions [I0] and [IT} while Appendices [C] and [D] collect additional results on

flows on manifolds and on the autoencoder case with two (non-coupled) layers, respectively.

Acknowledgement. B.B., H.R. and U.T. acknowledge funding through the DAAD project Understanding
stochastic gradient descent in deep learning (project number 57417829). B.B. acknowledges funding by
BMBF through the Alexander-von-Humboldt Foundation.

2. GRADIENT FLOWS FOR LEARNING LINEAR NETWORKS

Suppose we are given data points z1,. ..,z € R% and label points y1,...,ym € R%. The learning task
consists in finding a map f such that f(z;) ~ y;. In deep learning, candidate maps are given by deep neural

networks of the form
F(@) = fwi,. . Wabr,pn (T) = gn 0 gn—10---0 g1(),

where each layer is of the form g¢;(2) = o(W;z + b;) with matrices W; and vectors b; and an activation
function ¢ : R — R that acts componentwise. The parameters Wy, ..., Wy, by,..., by are commonly learned
from the data via empirical risk minimization. Given a suitable loss function £ : R% xR% — R, one considers

the optimization problem

m
W17~»-,V[I}Jl\jgl,»--1bN Zl E(fwly--vWNybla-“vbN ($j), yj)'
J:

In this article, we are interested in understanding the convergence behavior of the gradient flow (as simpli-
fication of gradient descent) for the minimization of this functional. Since providing such understanding for
the general case seems to be hard, we concentrate on the special case of linear networks (with b; = 0 for all

4) and the fy-loss £(z,y) = ||y — 2||3/2 in this article, i.e., the network takes the form
fl@)=Wxn -Wy_q--- Wiz, for N>2,
where W; € R%*4i-1 for dy = d,, dy = dy and dy, . ..,dy—1 € N. Clearly, f(z) = Wa with the factorization
W =Wy - Wi, (1)

which can be viewed as an overparameterization of the matrix W. Note that the factorization imposes a

rank constraint as the rank of W is at most » = min{dp, ds,...,dn}. The ¢3-loss leads to the functional
1 & 1
LN(Wh, o W) = 5 3 llyy = Wiy Waag 3 = S [[Y = Wy - WaX]fj @)
j=1
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where X € R%*™ ig the matrix with columns zi,...,2, and ¥ € R%*™ the matrix with columns
Y1,---,Ym. Here || - || denotes the Frobenius norm induced by the inner product (A, B)r := tr(AB7T).

Empirical risk minimization is the optimization problem

IT?%NLN(WM...,WN), where W; € RG*%i-1 j=1... N. (3)

For W € R%*d= we further introduce the functional
L) = Y - WX (W
Since the rank of W = Wy --- W is at most r = min{dy, dy, . ..,dx}, minimization of L” is closely related

to the minimization of L' restricted to the set of matrices of rank at most r, but the optimization of LY
does not require to formulate this constraint explicitly. However, LY is not jointly convex in W7y,..., Wx
so that understanding the behavior of corresponding optimization algorithms is not trivial.

The case of an autoencoder [10, Chapter 14], studied in detail below, refers to the situation where Y = X.
Here one tries to find for W a projection onto a subspace of dimension r that best approximates the data,
ie., Wxy = x4y for £ = 1,...,m. This task is relevant for unsupervised learning and only the rank deficient
case, where r := min;—¢ . n d; < m is of interest then, as otherwise one could simply set W = I;, and there
would be nothing to learn.

The gradient of L' is given as

VwL'W)=wxx? —yxT.

For given initial values W;(0), j € {1,..., N}, we consider the system of gradient flows
W; = —Vw, LN (Wi,...,Wy). (5)

Our aim is to investigate when this system converges to an optimal solution, i.e., one that is minimizing
our optimization problem . For W = Wy --- W; we also want to understand the behavior of W (t) as ¢
tends to infinity. Clearly, the gradient flow is a continuous version of gradient descent algorithms used in
practice and has the advantage that its analysis does not require discussing step sizes etc. We postpone the

extension of our results to gradient descent algorithms to later contributions.

Definition 1. Borrowing notation from [3], for W; € R4 *di-1 j =1 ... N, we say that W1,..., Wy are

0-balanced or simply balanced if
WL Wi =W;W] for j=1,...,N -1

J

We say that the flow has balanced initial conditions if W1 (0),..., Wx(0) are balanced.

The following lemma summarizes basic properties of the flow which are well known; see [4, [3, [9].
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Lemma 2. With the notation above, the following holds:
(1) Forje{l1,...,N},
Vw, LYW, ... . Wx) =W/ - WEVwW L (W - W)W - W]

2) Assume the W;(t) satisfy (5). Then W = Wy --- W1 satisfies
(2) i
AW (t) N
— = = Wi W Wy - WEVw L (W)W W Wy - W
j=1

(8) Forallj=1,...,N —1 and all t > 0 we have that

% (WJ'T+1(t)Wj+1(t)> N % <Wj(t)WjT(t)>'

In particular, the differences
WA OWa () = W;0W] (), j=1,....N-1,
and the differences
HWJ(t)HQF_HWZ(t)H%‘v iwj=1,...,N,
are all constant in time.

(4) If W1(0),...,Wn(0) are balanced, then

W (Wi (t) = W)W (¢)

forallje{l,....,N—1} and t >0, and

aW(t) | & T
= +;<w<t>w<t>>

N i—1

¥V w LYW (W () TW (1)~ = 0.

R(t) ==

(7)

Here and the sequel, by the p-th root of a symmetric and positive semidefinite matrix we mean the

principal p-th root, i.e. the p-th root is symmetric and positive semidefinite again. A concrete reference for

the statements of the lemma is [4, Theorem 1] together with its proof. For point (3), see also [9, Lemma 1].

Definition 3. For W, Z € R%*%= and N > 2 let

N .
Aw(Z) =S (WWT)=" .

j=1
Thus, if the W;(0) are balanced (see Definition [I]), then

dwW (t)
dt

= —Aw (val(W(t))).

We will write this as a gradient flow with respect to a suitable Riemannian metric in Section [
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3. CONVERGENCE OF THE GRADIENT FLOW

In this section we will show that the gradient flow always converges to a critical point of LY, also called
an equilibrium point in the following, provided that X X7 has full rank. We do not assume balancedness of
the initial data. A similar statement was shown in [9, Proposition 1] and similarly as in loc. cit., our proof
is based on Lojasiewicz’s Theorem, but the technical exposition differs and we do not need the assumptions
dy, <dg and d, <r =min{ds,...,dy_1} made in [9], which, for instance, exclude the autoencoder case and
imply that the set M,. of all admissible matrices appearing as a product W = Wy --- Wy, i.e., the variety of
matrices of rank at most r, coincides with the vector space R% >y Let us first recall the following corollary

of Lojasiewicz’s Inequality; see [11 [16], @, 13, [20].

Theorem 4. If f: R™ — R is analytic and the curve t — x(t) € R™, t € [0,00), is bounded and a solution

of the gradient flow equation &(t) = —V f(x(t)), then x(t) converges to a critical point of f ast — co.

This result, sometimes called Lojasiewicz’s Theorem, follows from Theorem 2.2 in [I], for example (see
also Theorem 1 in [9]). Indeed it is shown in [I] that under our assumptions z(¢) converges to a limit point
x*. By continuity, it follows that also the time derivative (t) = —V f(x(¢)) converges to a limit point
z:= =V f(z*). Then z = 0, i.e.,, z* is a critical point of f. Indeed, if z had a component z; # 0 then for

to large enough we would have |&y(t) — 2| < @ for all t > ty and hence for t5 > t; > ty we would have

|k (to) — xk(t1)] = |f:12 Tp(t)dt| > (ta — tl)lzz—"l, contradicting the convergence of z.

Theorem 5. Assume X X7 has full rank. Then the flows W;(t) defined by and W (t) given by @ are

defined and bounded for all t >0 and (W1, ..., Wx) converges to a critical point of LY ast — oc.

Proof. Note that the right-hand sides of and @ are continuous functions so existence of solutions locally
in time follows from the Cauchy-Peano theorem. In order to show that the solutions exist for all times and
to be able to apply Lojasiewicz’s Theorem, we want to show that the ||W;(¢)||r are bounded. We will first
show that the flow W (t) given by (@ remains bounded for all . We observe that for all ¢ > 0 for which
W (t) is defined we have L'(W (t)) < L*(W(0)). To see this, note that

N
%Ll(W(t)) _ %LN(Wl(t), W) = ;DWiLN((Wl(t), W)W

N
= - Z IVw, LY (W (), ... Wy ()7 < 0.

Here the notation Dy, denotes the directional derivative w.r.t. W;. Hence, for any ¢ > 0 we have

WO = IWOXXH(XXT)Hp < [WOX[FIXTXX) e = [WEHX - Y +Y]|p|XT(XXT) Y p
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< (WX =Y+ V) IXT(XXT) e = (VZEW @) + 1Y) X (XXT) 7

< (VLI W) + 1Y) IXT(XXT) 7.
In particular, |W(t)||r is bounded. Recall that the Frobenius norm is submultiplicative.
Next, in order to show the boundedness of the |[W;(t)||r, we show the following claim: For any i €
{1,..., N}, we have
N |~
IW:lle < GIW @1 +C (10)

for all ¢ > 0 (for which the W;(t) and hence also W (t) are defined). Here C; and C; are suitable positive
constants depending only on the initial conditions.

Before we prove the claim, we introduce the following notation.
Definition 6. Suppose we are given a set of (real valued) matrices {X;,7 € I'}, where I is a finite set. A
polynomial P in the matrices X;, ¢ € I, with matrix coefficients is a (finite) sum of terms of the form
AlXilAQXig v AnXinAn-‘rL (11)

The A; are the matrix coeflicients of the monomial (where the dimensions of the A; have to be such
that the product as well as the sum of all the terms of the form in the polynomial P are well

defined). The degree of the polynomial P is the maximal value of n in the summands of the above form

defining P (where n = 0 is also allowed).

In the following, the constants are allowed to depend on the dimensions d; and the initial matrices W;(0).
We will suppress the argument t.

To prove the claim, we observe that
WwT =wy---wiwi - Wi
Replacing Wi W{ by WL Wy + Aqa, where Aps is a constant matrix (see Lemma (3)), we obtain
WWT =Wy - WaWoWI WoWy Wi - - Wh + Wy - WoA Wy - W
We now replace WoW4 by WL W5 4+ Aas and, proceeding in this manner, we finally arrive at
WWT = WyWEIN + PWa, ..., Wy, WL, ... WE), (12)

where P(Wo, ..., Wx, W, ..., W) is a polynomial in Wa,..., Wy, Wi, ..., WE (with matrix coefficients)
whose degree is at most 2N — 2.

In the following, we denote by o the maximal singular value of Wy . Thus

o < NWNWON e < IWWTp + |[P(Wa, ... . Wx, W W) e (13)
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Since |[Wn||% and ||W;||% differ only by a constant (depending on i), there are suitable constants a; and
b; such that |[W;||r < a;on + b; for all ¢ € {1,...,N}. It follows that

|P(Way oo, W W, WE | < Pulow),

where Py is a polynomial in one variable of degree at most 2N — 2. Since the degree of Py is strictly smaller
than 2V, there exists a constant C', which depends on the coefficients of Py, such that [Py (z)| < 22?V +C

for all z > 0. Hence we obtain from

o3 < By|[WWT||p + By, (14)
and therefore also
on < By|WIZY + By, (15)

for suitable positive constants BME N,ijgj\, (we can choose By = 2 by the discussion above). Since
IWillF < a;on + b;, estimate for ||W;||r follows.

The fact that all the ||W;||r are bounded now follows from the fact that ||IW|r is bounded as shown
above together with estimate (L0). This ensures the existence of solutions W;(t) (and hence W (t)) for all
t > 0. The convergence of (Wy,...,Wx) to an equilibrium point (i.e., a critical point of L") now follows

from Lojasiewicz’s Theorem [] O

4. RIEMANNIAN GRADIENT FLOWS

Recall that in order to define a gradient flow, it is necessary to also specify the local geometry of the
space. More precisely, suppose that a C? manifold M is given, on which a C?-function = + E(z) € R is
defined for all z € M. Then the differential dE(x) of E at the point x is a co-tangent vector, i.e., a linear
map from the tangent space T, M to R. On the other hand, the derivative along any curve t — ~(t) € M is
a tangent vector. If now g, denotes a Riemannian metric on M at x, then it is possible to associate to the

differential dE(x) a unique tangent vector VE(z), called the gradient of E at x, that satisfies
dE(x)v =: g, (VE(x),v) for all tangent vectors v € T, M.

It is the tangent vector VE(x) that enters in the definition of gradient flow 4(t) = —VE(v(t)).

In this section, we are interested in minimizing the functional L" introduced in over the family
of all matrices Wy, ..., Wy. This can be accomplished by considering the long-time limit of the gradient
flow of L. Alternatively, we observe that we can equivalently lump all matrices together in the product
W := Wy ---W; and minimize the functional L' defined in over the set of all matrices W having this

product form.
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We consider the manifold M, of real dy x d, matrices of rank k < d,,d,. We regard M, as a submanifold
of the manifold of all real d, x d, matrices, from which we inherit the structure of a differentiable manifold

for M. We denote by Ty (M) the tangential space of My, at the point W € M. We have
Tw(Mg) = {WA+BW: A c RE*de B ¢ RIv*dv}, (16)

see [I1, Proposition 4.1]. We will need the following result on the orthogonal projection onto the tangent
space, which is probably well-known. Below the notions self-adjoint, positive definite, and orthogonal com-

plement are understood with respect to the Frobenius scalar product, which we denote by ( , )r. Recall

that (A, B)p = tr(ABT).

Lemma 7. Let W € My, with full singular value decomposition W = USVT and reduced singular decom-
position W = USVT, where U € Rw*% and V € R%*% gre orthogonal and U € R%W*F and V € Ré=xF
are submatrices consisting of the first k columns of U and V', respectively. Let Qu = UU = UP,UT denote
the orthogonal projection onto the range of U, where P, = diag(1,...,1,0,...,0) is the diagonal matriz
with k ones on the diagonal, and likewise define Qv = VVT = VP,VT. Then the orthogonal projection
Py : R >*de — Ty, (M) onto the tangent space at W is given by

Pw(Z)=QuZ+2Qv —QuZQv  for Z € R%* %,

Proof. For convenience, we give a proof. For a matrix Z = WA + BW € Ty (M), a simple computation

using UTU = I), = VTV gives
Pw(Z)=U00"(UxVTA+ BUSVTY) + (USVT A+ BUSVO YV VT — 00T (USVT A+ BUSVT)V VT
=USVTA+ BUSVT = Z.
Moreover, for an arbitrary Z € R% X% we have
Pw(Z2) =U0U0"Z(1a, — Qv) + ZVVT =USVIVET'0T Z(1a, — Qv) + ZVS'UTUSVT
=WE'UTZ(14, — Qv) + ZVETUTW

so that Py (Z) € Tw (My). We conclude that P2, = Py,. Moreover, it is easy to verify that (Py (Z),Y)r =
(Z, Py (Y))F for all Z,Y € R%*ds g0 that Py is self-adjoint. Altogether, this proves the claim. O

Inspired by [8], we use the operator Aw to define a Riemannian metric on My.

Lemma 8. For any given W € R% %= [et k be the rank of W, so that W € My,. Let N > 2. Then the map
Aw : Révxde 5 RdvXde defined in is a self-adjoint endomorphism. Its image is Ty (My) and its kernel
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is (consequently) the orthogonal complement Ty (My)L of Tyw (My). The restriction of Aw to arguments

7 € Tw(My) defines a self-adjoint and positive definite endomorphism
Aw = T (My) — T (My).
In particular, Ay is invertible and the inverse fla,l 18 self-adjoint and positive definite as well.

Proof. We split the proof into four steps.
Step 1. It is clear that Ay defines an endomorphism of R% x4 To see that it is self-adjoint, we

calculate, for Zy, Zy € Ry *dx

N
N—j N—j

j—1 N j—1
(Aw(21), Zo)p =to | Y _(WWT) 5 2y(WIW)' ™ 2 | =tr [ > Zo(WTW)'~ zf (WW™) ™~

Jj=1 Jj=1

=tr (Z1Aw (Z2)") = (Z1, Aw (Z2)) p.

We conclude that Ay is indeed self-adjoint.

Step 2. Next we show that the image of Ay lies in Ty (My); see (16)). Let W = USVT be a (reduced)
singular value decomposition of W in the following form: ¥ = diag(cy,...,0r) € R¥** is the diagonal
matrix containing the non-zero singular values of W and the columns of U € R%** and V € R%** are
orthonormal, so that UTU = I}, = VTV. For any index 1 < j < N, we observe the identity

(WWT)'= =25 07 = UsvTvs?~

N—j

N igT, (17)

ST =w(vs?

Note that the second factor on the right-hand side of is well-defined even though the exponent 2% -1

may be negative because the diagonal entries of ¥ are all positive. Similarly, for 1 < 7 < N we find
WIW)'~ = v VT = v~ L(0T0)svT = (ve2Y o)W

We observe that every term in the sum is of the form WA or of the form BW for suitable A € R ¥d=
or B € R%*dv. Hence Aw(Z) € Ty (My,) for any Z € R¥*d=_ Tt follows that the restriction of Ay to
Tw (M},), denoted by Ay, is a self-adjoint endomorphism. To prove that Ayy is injective, it therefore suffices
to show that all eigenvalues are non-zero. Since Ty (My) is a finite-dimensional vector space, injectivity of
Aw then implies bijectivity.

Step 3. We show that Ay is positive definite. For Z € Ty (M), we need to establish that (A (2), Z)r >
0if Z # 0. We will first show that for all j € {1,..., N}

N—j

tr ((WWT) % Z(WTW)%ZT) > 0.

Let again W = UXVT be a (reduced) singular value decomposition of W as in Step 2. If j = 1, then

N-—1 N

tr ((WWT)TZZT) —tr ((1722 FUT)ZZT) — tr(RyRT) > 0,
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where R; := Y UTZ. Similarly, for j = N we get

N-—1

tr (Z(WTW)¥ZT) _ (Z(V22 % VT)ZT) = tr(RyR%) >0,

where Ry := ZVE"~". Finally, if 1 < j < N, then

N—j — j—

ZWTW)'T 27 = (U227 0T 2(VE25 V) 27) = te(R;R]) 2 0,

N—j
N

tr ((WWT)

where R; := SN UTZVSS . It follows that (Aw(Z),Z)yp > 0 for all Z € Ty (My,).

Suppose now that (Aw (Z), Z)p = 0. Then ||R;||% = tr(R;R]) = 0, thus R; = 0 for every j € {1,...,N}.
Since ¥ € RF*F is invertible this implies for j = 1 that U7Z = 0 and for j = N that ZV = 0. By Lemma
we have

Z =Py (2)=U00"Z+2zvVT —0U"ZVVT =0.
This proves that Ay is strictly positive definite, therefore injective (bijective) as a map from Ty (M) to
itself.

Step 4. It remains to prove that the kernel of Ay is the orthogonal complement of Ty (My). This

follows from the general fact that for any self-adjoint endomorphism f of an inner product space, the kernel

of f is the orthogonal complement of the image of the adjoint of f. O

Definition 9. We introduce a Riemannian metric g on the manifold My, (for k < d,, d,) by
gw (21, 2Z2) i= (Ay (Z1), Zo) F (18)
for any W € M, and for all tangent vectors Z, Zs € Ty (Myg).

By Lemma |8 the map gy is well defined and defines indeed a scalar product on Ty (My). We provide

explicit expressions for this scalar product in the next result.

Proposition 10. For N > 2, the metric g on My, defined in satisfies

- N oo
aw (21, Zs) = M/ tr ((tLy, + WWE) 12y (tLy, + WIW) 1 2T) /N at (19)
m 0
_ 1 > tt —sWWTZ —(t—s)WTWZT dst—/N+D) g4 20
“NT(A-1/N) Jy J, r(e 1e 2) s (20)

for all W € My, and Zy,Z5 € Ty (My), where T' denotes the Gamma function.

In the case N = 2, we additionally have

o0 1 1
gw (21, Zs) = / tr (e*“WWT)Q Zye tWIW)? ZQT) dt. (21)
0
Proof. The proof is postponed to Appendix [A] O

The next result states that the Riemannian metric is continuously differentiable as a function of W' € M.
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Proposition 11. The metric g on My, given by is of class C*.

Proof. The proof uses the representation . The main step consists in showing that the directional
derivates with respect to W of the corresponding integrand remain integrable so that Lebesgue’s dominated
convergence theorem can be applied to interchange integration and differentiation. The lengthy details are

postponed to Appendix [B] O

For any differentiable function f: R4 > — R any W € My, C R%*% and any Z € Ty (My), we have

gw (Aw (VFOV), 2) = (A5} (Aw (VFW)) ). Z) = (VF(W), Z)r = DF(W)[Z),

where Df denotes the differential of f (which can be computed from the derivative with respect to W).
Note here that by Lemma the two quantities Ay (Aw (Vf(W))) and V f(W) differ only by an element in
Tw (My)*, which is perpendicular to Z with respect to the Frobenius norm, as noticed above. This allows

us to identify Aw (V f(W)) with the gradient of f with respect to the new metric g. We write
Aw (VW) = VIf(W). (22)

In particular, we have for all Z € Ty, (My,) that gw (VI f(W), Z) = Df(W)[Z]. Let now k < min{do,...,dn}
and recall that, in the balanced case, the evolution of the product W = Wy --- W is given by @D

We note that the solutions Wy (t),..., Wy () of the gradient flow of LN are unique (given initial
values), since obviously satisfies a local Lipschitz condition. Therefore the tuple Wi (t), ..., Wy (t) gives
rise to a well defined product W(t) = Wy (t)---Wi(t) which in the balanced case solves equation ({9).
However, due to the appearance of N-th roots in @[), it is unclear at the moment whether there are also
other solutions of (). The next proposition shows that in the balanced case (and for X X of full rank) the
solution W (t) = Wy (t)--- Wi (t) of (9) stays in My, for all finite times ¢ provided that W (0) € Mj.

Proposition 12. Assume that XX* has full rank and suppose that Wi (t),...,Wx(t) are solutions of the
gradient flow of LN with balanced initial values W;(0) and define the product W (t) :== Wy (t) --- Wi (t).
If W(0) is contained in My, for some k < min{do,...,dn} then W(t) is contained in My, for all t > 0.

Proof. 1t follows from Theorem [f] that for any given ¢y € R and initial values Wi (ty), ..., Wy (to), a (unique)

solution Wi (t),...,Wn(t) of is defined for all ¢t > 3. By the Cauchy-Peano theorem, there also exists

e > 0 such that the solution Wy (t),..., W (t) is defined and unique on (ty — ¢, 0], hence on (tg — €, 00).
Since the initial values W;(0) are balanced, for any ¢t > 0 the matrices Wi (t), ..., Wy (t) are balanced as

well, cf. Lemmal[2] It follows that for any ¢ > 0, we have

WEW @) = (Wn )Wy (&)™ and W)W () = (Wi ()" Wi(t)".
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Both equations are directly verified for N = 2 and easily follow by induction for any N > 2.

Let now P(t) = Wy (t)TWi(t) and Q(t) = W (t)Wx (t)T. Tt follows that P(t) = (W(t)TW (t))*/N and
Q(t) = W (W ()T)MN for all t € [0,00). Using Viy LY (W) = WXXT — Y X7 together with the explicit
form of the gradient flow (5)) for W3 and Wy given by Lemma point (1), and substituting P = (WTW)1/N
and Q@ = (WWT)V/N in the flow equation for W, we obtain the following system of differential equations
for P,Q,W.

P=-wIrwxx? -yx?) - wxx? -yxhTw,

Q=-WXXT -yxTyw? —wwxxT -yx?)T, (23)

N
W=-> QVIWXxXx"-vx")pi~'.
j=1

Since the right hand side of the system is locally Lipschitz continuous in P, @, W, it follows in particular
that W (t) (and also P(t) and Q(t)) is uniquely determined by any initial values P(to), Q(to), W (o).
Assume now that the claim of the proposition does not hold. Then there are tg,t; € [0,00) with

rank(W (t1)) > rank(W (to)). Since W (t) = Wi (t) - - - Wi(t), it follows that
min(do, . ..,dn) > rank(W(t1)) > rank(W (¢o)).

We define ¢ = rank(W (t)) and distinguish the cases £ = 0 and ¢ > 0.

Case 1. ¢ = 0. Then W(ty) = 0 and hence also Wi(ty) = 0. Due to balancedness it follows that
Wi(to) = 0 for all ¢+ € {1,...,N}. But then it follows that W;(t) = 0 for all ¢ € [0,00) and for all
i€{1,...,N}, hence also W(t) =0 for all ¢ € [0,00), so the rank of W is constant.

Case 2. ¢ > 0. We assume first that t; > to and will discuss the case ty > t; below.

We replace the first hidden layer (which has size d;) by a new hidden layer of size ¢ (all other layer
sizes remain as before) and define new initial values Wi,...,Wx (at to) for our new layer sizes in such a
way that Wi,...,Wy are balanced and W := Wy --- W, = W (to) and P .= W1TW1 = Wi(to)TWi(to) and
Q = WNWE = W (to)Wn(to)T. Fort € [tg,00), let Wy(t), ..., W (t) be the corresponding solutions of the
gradient flow for the new layer sizes with initial values at ¢y given by Wl(to) =Wi,..., WN(to) = Wh.
Similarly, let W (t) = Wx(t)---Wi(t). Assuming that we can construct Wi, ..., Wy as above, it follows
in particular that W (t) = W (t) for all t € [to,o0), since, as discussed before, W (t) is uniquely determined
by P(ty) = P,Q(ty) = Q,W(ty) = W for all t € [0,00). But our new minimal layer size is £, so it
follows that the product W (t) = Wy (t)---Wy(t) has rank at most ¢ for any t € [to,c0). In particular,
rank (W (t1)) = rank(W (t1)) < ¢. This contradicts our assumption rank(W (¢y)) > rank(W (ty)) = £.

Assume now that tg > t;. Here we cannot directly argue as above since backward in time we only have

local existence of solutions of (). However, since the set {W € R%*%= : rank(W) < rank(W (t;))} is closed
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in R% 4= it follows that the set {t > t; : rank(W (t)) < rank(W (1)} has a minimum 79, which is larger
than ¢1. Then for any € > 0, there is a 71 € (19 — &, 79) with rank(W (7)) > rank(W (1)).

Now replace to by 79, define as before ¢ = rank(W (tg)) = rank(W (79)) and assume that we can construct
Wi,...,Wx as above. Then for some & > 0, the flows Wi (t),..., Wx(t) solving the gradient flow for
the new layer sizes and with initial values at to given by Wi (to) = Wi,..., Wx(to) = Wy are defined (and
balanced) on the interval (9 — e, 00). Next we replace t; by a suitable 71 € (179 — &, 79) with rank(W (7)) >
rank(W (79)) = £. Now we can argue as above: On the one hand, the rank of W (ty) = W (1) --- Wi(t1) is
at most £, on the other hand, we have W (t;) = W (t;), so the rank of W (t;) is also at most £, giving the
desired contradiction.

It remains to construct Wi, ..., Wy as announced. First, we introduce some notation. Let dy = ¢ and

for j € {0,...,N}\ {1} let de = d;. (Thus the ch are our new layer sizes.) Given integers a,b > ¢ and

c1,-..,¢0 € R, we denote by S p(c1,...,¢) € R**b the a x b diagonal matrix whose first ¢ diagonal entries
are ci,...,cy and whose remaining entries are all equal to 0.

Now write W := W(ty) = USVT, where U € O(d,) = O(dy) and V € O(d,;) = O(dp) and S =
Sdn.do(01,--.,0¢), where 01 > ... > o, > 0. Let Wy = Wy(to) and W7 = Wi(ty). Then since

WTW = (WEW)N, we can write W, = UlSdl,do(U}/N7...,U;/N)VT for some Uy € O(dy). Similarly,

since WWT = (WyWE)N, we have Wy = USay.an_, (01", ..., 0,/ )W for some Viy € O(dy_1). Define
now W, = Sdl,go(ai/N,...,O';/N)vT and Wy = US(ZN,dN,l(Ui/Na“ch}/N) and, for j € {2,...,N — 1},
W, = SJj,Jj,l(Ui/Na e 70';/1\[). Note that this construction is possible since min(dy, ...,dy) = £. (Com-

pare [3| Section 3.3] for a similar construction of balanced initial conditions.) Then obviously, the W; are
indeed balanced, and we have WlT Wl = WlT Wy and WNWJE = WNWK; and WN e Wl = W. This ends the

proof. O

Remark 13. Assume again the situation of Proposition [I4 Then in the limit t — oo, the rank of W

still cannot increase, i.e., if W(0) has rank k then the rank of tlim W (t) is at most k. This follows from
— 00

Pmposition together with the fact that the set of matrices of rank at most k is closed in R%* %= However,

it can happen that the rank of 75lim W (t) is strictly smaller than k, see Remark|41| for an explicit example.
— 00

Remark 14. Pmposition may fail if the initial values W;(0), j = 1,..., N, are not balanced, i.e., the
rank of W(t) may then drop or increase in finite time. An example for such behaviour can be easily given
in the case N =2, dy=dy =dy =1, X =Y = 1. Choosing W1(0) = 0 and W5(0) = 1 gives W(0) = 0.
Moreover W1 (0) = W5(0) = 1 and £W>(0) = W1(0) = 0. This means that for t # 0 and |t| sufficiently
small we have Wi(t) # 0 and Wa(t) # 0, hence rank W(t) = 1. In other words, for small enough € > 0,
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when moving with t from —e to 0 the rank of W (t) drops from 1 to 0 and when continuing from t = 0 to

t = € the rank increases again to 1.

The statements of Lemma [15|and Corollary [16] below are probably well known, but we include them here

for completeness.

Lemma 15. Let M be a C%-manifold which carries a Riemannian metric g of class C* and let L : M — R

be a C%-map. Then —V9(L) is a Cl-vector field.

Proof. In local coordinates, we have —V9I(L) = —Zi’j gi’j%%, compare [5, Lemma 4.3]. Since by

assumption the matrix with entries g; ; is C?, also the inverse matrix (¢g*7); ; is C*. Since also by assumption

L is a C%-map, the partial derivatives E% are C1. Tt follows that —V9(L) is indeed a Cl-vector field. [

Corollary 16. In the situation of Lemma for any xo € M, there is a unique maximal integral curve
¢ J — M with $(0) = xg and
o) = —=VI(L($(t))) Vt € J.

Here mazimal means that the interval J is the mazximal open interval containing 0 with this property.

Proof. This follows from Lemma [T5] together with Theorem [43] in appendix [C} For the existence of J, see
also appendix [C| or directly [14], Section IV, 2]. O

Corollary 17. Suppose that XX has full rank and that Wy(t),..., Wn(t) are solutions of the gradient
flow of LN, with initial values W;(0) that are balanced; recall Definition . Define the product W (t) :=
W (t)---Wi(t). If W(0) is contained in My, (i.e., has rank k), then W (t) solves for all t € [0,00) the

gradient flow equation
W = -VILY (W) (24)

on My, where V9 denotes the Riemannian gradient of L' with respect to the metric g on My, defined in

. Further this is the only solution of in M.

Proof. Proposition [12|shows that W (t) € My, for all ¢ € [0, 00). Lemma |8 and the discussion below it show
that W (t) solves indeed equation with the particular choice of g as in as the metric. (Note that
then is a reformulation of @) By Corollary [16] there are no other solutions in Mj. O

Remark 18. Our Riemannian metric is (in the limit N — oco) similar to the Bogoliubov inner product of
quantum statistical mechanics (when replacing .A;[,l with Aw ), which is defined on the manifold of positive

definite matrices; see [§].
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5. LINEAR AUTOENCODERS WITH ONE HIDDEN LAYER

In this section we consider linear autoencoders with one hidden layer in the symmetric case, i.e., we

assume Y = X and N = 2 and we impose that Wy = W{'. The nonsymmetric case with one hidden layer

will be discussed in Appendix D]

For V := Wy = W{ € R¥" (where we write d for d,, = d, and r for dy), let

1
EV)=L*VT V)= 5||X —-VVTX|%.

We consider the gradient flow:

V =-VE(), V(0) =W, (25)

where we assume that Vil Vo = I,.. Computing the gradient of E gives
VEV)=—(I; -VVHXXTV - XXT (1, - vVvTV.
Thus the gradient flow for V is given by
V=>U—VVDHXXTV + XXT(I;, - VvVT)V,  V(0) =V, ViVy=1,. (26)
This can be analyzed using results by Helmke, Moore, and Yan on Oja’s flow [22].

Theorem 19. (1) The flow (26) has a unique solution on the interval [0,00).
(2) V(iOYTV(t) = I, for all t > 0.

(3) The limit V = lim;_,o, V(t) exists and it is an equilibrium.

(4) The convergence is exponential: There are positive constants c1,co such that
V() = VlF < cre™

for allt > 0.

(5) The equilibrium points of the flow @) are precisely the matrices of the form
V=(ul...|v)Q,
where v1, ..., v, are orthonormal eigenvectors of XX and Q is an orthogonal r X r-matriz.
Proof. In [22] it is shown that Oja’s flow given by
V=>U-VVDXXTV

satisfies all the claims in the proposition provided that V' (0)7V(0) = I,.. In particular, by [22 Corollary 2.2],
all V(t) in any solution of Oja’s flow with V(0)7V(0) = I,. fulfill V(¢)TV () = I,.. It follows that under the
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initial condition V(0)TV(0) = I, the flow is identical to Oja’s flow because the term X XT (I, —VVT)V
then vanishes for all ¢ if V' is a solution to Oja’s flow.

Hence, (2) follows from [22] Corollary 2.2]. In [22] Theorem 2.1] an existence and uniqueness result on
[0,00) is shown for Oja’s flow and thus implies (1). Statements (3) and (4) follow from [22, Theorem 3.1]
(which states that the solution to Oja’s flow exponentially converges to an equilibrium point). Point (5)
follows from [22, Corollary 4.1] (which shows that the equilibrium points V of Oja’s flow satisfying VIV = I,

are of the claimed form). O

Remark 20. Choosing v1,...,v, orthonormal eigenvectors corresponding to the largest r eigenvalues of

XXT, we obtain (for varying Q) precisely the possible solutions for the matriz V in the PC A-problem.

In order to make this more precise and to see this claim, we recall the PCA-Theorem, cf. [I7]. Given:
Z1,...,Zm € R® and 1 < r < d, we consider the following problem: Find v1, ..., v, € R? orthonormal and

hi,...,hm € R” such that

1
L(Vihy ... hp) = EZ\lxi—VhiH% (27)

7

is minimal. (Here V = (vy]...|v,) € R¥*"))

Theorem 21 (PCA-Theorem [I7]). A minimizer of is obtained by choosing v1,...,v, as orthonormal
eigenvectors corresponding to the r largest eigenvalues of ), vzl = XXT and h; = V7Ta,.
The other possible solutions for V are of the form V = (v1]...|v.) Q, where vy,...,v, are chosen as above

and Q is an orthogonal © x r-matriz. Again h; = Vx;.

Let A\; > ... > Ay be the eigenvalues of X X7 and let v1,...,vq be corresponding orthonormal eigenvec-

tors.

Theorem 22. Assume that X X7 has full rank and that A\, > \.y1. Then limy o, V(t) = (v1]...|v,) Q for

some orthogonal Q if and only if Vi (v1]...|v,) has rank r.

Proof. This follows from [22], Theorem 5.1] (where an analogous statement for Oja’s flow is made) together

with [22] Corollary 2.1]. O

Corollary 23. Under the assumptions of Theorem for almost all initial conditions (w.r.t. the Lebesque
measure), the flow converges to an optimal equilibrium, i.e., one of the form V. = (v1]...|v.) Q@ in the

notation of Theorem [23

Proof. This follows from Theorem cf. also the analogous [22], Corollary 5.1]. O
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In Section [ we extend this result to autoencoders with N > 2 layers using a more abstract approach.

The following theorem shows that the optimal equilibria are the only stable equilibria:

Theorem 24. Assume V = (vy]...|v;,) Q, where the orthonormal eigenvectors v;,,...,v; are not eigen-
vectors corresponding to the largest r eigenvalues of XXT. Then in any neighborhood of V there is a matriz

V with E(V) < E(V) (and VTV = I,.).

Proof. Let v;; be one of the eigenvectors v;,,...,v; whose eigenvalue does not belong to the r largest
eigenvalues of X X 7. Let v be an eigenvector of X X7 of unit length which is orthogonal to the eigenvectors
Vi, .- .,v;, and whose eigenvalue A belongs to the r largest eigenvalues of X XT. Now for any ¢ € [0, 1]
consider v;,(¢) 1= ev + V1 —€2v;,. Then V() 1= (v;,|...|v;(g)]...|v;,) Q satisfies E(V(g)) < E(V) for
e €(0,1] and V()TV (¢) = I,. To see that indeed E(V (¢)) < E(V), we compute E(V) = 1| X-VVTX|% =
Ltr(XXT - XXTVVT) and E(V(e)) = 2 tr(XXT — XXTV(e)V(e)T). Writing X X7 v;, = A, vy, we note
that tr (XXTVVT) =37 ) Aiy and tr (XXTV(e)V(e)T) = e2A4 (1 =) Ni; + 24—y gy Aire- Since A > Ay,

the claim follows. O

6. AVOIDING SADDLE POINTS

In Section [3| we have proven convergence of the gradient flow a to critical point of LY. (Together with
Proposition [33| below, this also implies that the product W converges to a critical point of L' restricted to
My, for some k < r.) Since we will remain in a saddle point forever if the initial point is a saddle point, the
best we can hope for is convergence to global optima for almost all initial points (as in Corollary [23| for the
particular autoencoder case with N = 2).

We will indeed establish such a result for both LN and L! restricted to M, in the autoencoder case. We
note, however, that we can only ensure that the limit corresponds to an optimal point for L' restricted to
My, for some k < r for almost all initialization. We conjecture k = r (for almost all initializations), but this
remains open for now.

We proceed by showing a general result on the avoidance of saddle points by extending the main result
of [15] from gradient descent to gradient flows. A crucial ingredient is the notion of a strict saddle point.

The application of the general abstract result to our scenario then requires to analyze the saddle points.

6.1. Strict saddle points. We start with the definition of a strict saddle point of a function on the

Euclidean space R?.

Definition 25. Let f : @ — R be a twice continuously differentiable function on an open domain Q C R?.

A critical point g € Q is called a strict saddle point if the Hessian H f(z() has a negative eigenvalue.
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Intuitively, the function f possesses a direction of descent at a strict saddle point. Note that our definition
also includes local maxima, which does not pose problems for our purposes.

Let us extend the notion of strict saddle points to functions on Riemannian manifolds (M, g). To this
end, we first introduce the Riemannian Hessian of a C?-function f on M. Denoting by V be the Riemannian
connection (Levi-Civita connection) on (M, g) the Riemannian Hessian of f at € M is the linear mapping
Hess f(z) : T,M — T, M defined by

Hess? f(z)[£] := Ve VIS

Of course, if (M, g) is Euclidean, then this definition can be identified with the standard definition of the
Hessian. Moreover, if € M is a critical point of f, i.e., VIf(x) = 0, then the Hessian Hess? f(z) is
independent of the choice of the connection. Below, we will need the following chain type rule for curves ~
on M, see e.g. [I8, Eq. (3.1)],

d2

G 0(0) = 0 (G0 Hoss? SO +9 (30,77 0(0) ) (28)

where %"y(t) is related to the Riemannian connection that is used to define the Hessian, see [2], Section 5.4].

We refer to [2] for more details on the Riemannian Hessian.

Definition 26. Let (M, g) be a Riemannian manifold with Levi-Civita connection V and let f : M — R
be a twice continuously differentiable function. A critical point zp € M, i.e., VI f(xg) = 0 is called a strict
saddle point if Hess f(z) has a negative eigenvalue. We denote the set of all strict saddles of f by X = X(f).
We say that f has the strict saddle point property, if all critical points of f that are not local minima are

strict saddle points.

Note that our definition of strict saddle points includes local maxima, which is fine for our purposes.

6.2. Flows avoid strict saddle points almost surely. We now prove a general result that gradient flows
on a Riemannian manifold (M, g) for functions with the strict saddle point property avoid saddle point for
almost all initial values. This result extends the main result of [I5] from time discrete systems to continuous
flows and should be of independent interest.

For a twice continuously differentiable function L : M — R, we consider the Riemannian gradient flow
d g
79t = —VIL((1)),  $(0) =20 €M, (29)
where V9 denotes the Riemannian gradient. When emphasizing the dependence on xg, we write
Pi(x0) = ¢(t), (30)

where ¢(t) is the solution to with initial condition zg.
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Sets of measure zero on M (as used in the next theorem) can be defined using push forwards of the

Lebesgue measure on charts of the manifold M.

Theorem 27. Let L : M — R be a C?-function on a second countable finite dimensional Riemannian
manifold (M, g), where we assume that M is of class C? as a manifold and the metric g is of class C*.

Assume that i (xo) exists for all xo € M and all t € [0,00). Then the set
S8 :={roeM: tlim (o) € X =X(L)}
of initial points such that the corresponding flow converges to a strict saddle point of L has measure zero.

The proof of this relies on the following result for iteration maps (e.g., gradient descent iterations) shown

in [I5].

Theorem 28. Let h : M — M be a continuously differentiable function on a second countable differen-
tiable finite-dimensional manifold such that det(Dh(x)) # 0 for all x € M (in particular, h is a local C*
diffeomorphism). Let

Ay ={zeM:h(z) = x,mjax|)\j(Dh(x))| > 1},

where X\j(Dh(x)) denote the eigenvalues of Dh(x), and consider sequences with initial point xo € M, xj, =

h(zg—1), k € N. Then the set {xg € M : limy_oc z € A}} has measure zero.

Proof of Theorem[27 By Lemma [I5] and Theorem [44] in appendix [C] the map
h: M — M, o ’(ﬂT(xQ)

defines a diffeomorphism of M onto an open subset of M. In particular, Dh = D7 is non-singular, i.e.
det(Dh(x)) # 0 for all x € M.

Because of the semigroup property ¥;ys(xg) = ¥(¥s(xo)) the sequence zp = Ypr(xo), k € N, satisfies
gk = h(xg—1) and limg— o0 ¢ (20) € X implies limy o 25 € X.

By Theorem [28] the set

{zo € M: Jm Yrr(2o) € Ay, }

has measure zero. We need to show that if Z is a strict saddle point of L, then T € .A:LT for suitable (i.e.,
sufficiently small) 7' > 0. We will work with a sequence of parameters T = % with n € N.
Let & € X(L) be a strict saddle point of L. If we choose local coordinates giving rise to an orthonormal

basis with respect to the Riemannian metric at z, then it follows from that, for all n € N,

Dipy () =1 — %Hessg L(z) + o(1/n),
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where lim¢_,o o(t)/t = 0. Compare also [B, Lemma 4.4] for the fact that we can identify here the differential

of VIL(Z) with Hess? L(Z). (More precisely, it is shown in loc. cit. that the the differential of V9L(Z)

20 n
coincides with the matrix (ngéi) )i,; at the critical point Z, if we assume that the local coordinates give
iOZj

rise to an orthonormal basis at this point. Using again that T is a critical point, we see that this matrix
is the Riemannian Hessian at Z in our local coordinates.) Since Z is a strict saddle point of L, the matrix
Hess? L(Z) has at least one strictly negative eigenvalue. It follows that there exists N € N such that for all

n > N the differential D), /,(Z) has an eigenvalue larger than 1. Hence T € Ay, and
{zo € M lim ¢y (o) = T} C {zo € M: g (20) = 2} C{wo € M: lim ¢y €AY, }

for all n > N. It follows that

{zo € M= lim ¢y (z0) € X(L)} C LEJN{% €M lim ¢y/n(z0) € Ay, ), }-

The set on the right hand side is a countable union of null sets and therefore has measure zero. This implies

the claim of the theorem and the proof is completed. O

Remark 29. The proof of Theorem uses the center and stable manifold theorem, see, e.g., [19, Chapter
5, Theorem IIL.7]. If the absolute eigenvalues of Dh(x) are all different from 1, i.e., if all eigenvalues of
the Hessian Hess? f(x) are different from 0 at a saddle point x, then slightly stronger conclusions may be
drawn, including the speed at which the flow moves away from saddle points. We will not elaborate on this

point here.

6.3. The strict saddle point property for L' on M,. In this section we establish the strict saddle point
property of L' on My, by showing that the Riemannian Hessian Hess L' at all critical points that are not a
global minimizer has a strictly negative eigenvalue. We assume that X X7 has full rank d, = do and start

with an analysis of the critical points. We first recall the following result of Kawaguchi [12].

Theorem 30. [12, Theorem 2.3] Assume that XXT and XY7T are of full rank with d, < d, and that the
matriz Y XT(XXT)1XYT has d, distinct eigenvalues. Let r be the minimum of the d;. Then the loss
function LN (Wi, ..., Wx) has the following properties.

(1) It is non-convex and non-concave.

(2) Every local minimum is a global minimum.

(3) Every critical point that is not a global minimum is a saddle point.

(4) If Wn_1 -+ Wa has rank r then the Hessian at any saddle point has at least one negative eigenvalue.

Below we will remove the assumption that XY has full rank and that Y X7 (XXT)~1XY7 has distinct

eigenvalues. Moreover, we will give more precise information on the strict saddle points.
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The following matrix, which is completely determined by the given matrices X,Y that define L' and LY
(see and ), will play a central role in our discussion. We define

Q:=vXT(xxT) 2 (31)
and let ¢ := rank(Q) be its rank. We will use a reduced singular value decomposition
q
Q= UxvT = Zaiuiv?,
i=1

of @, where o1 > ... > o, > 0 are the singular values of @ and U € R%*4 V € R%*4 have orthonormal
columns u,...,uq and vy,...,v,, respectively. Clearly, it holds ¢ < n := min{d,,d,}.

Let k < n and let g be an arbitrary Riemannian metric on the manifold M}, of all matrices in R *xd=
of rank k, for example it could be the metric induced by the standard metric on R%*% or the metric g
introduced in Section {4 for some number of layers N.

The next statement is similar in spirit to Kawaguchi’s result, Theorem and follows from [21].

Proposition 31. Let Q be defined by and q = rank(Q).
(1) The critical points of L' on My, are precisely the matrices of the form
W = Zajujvjr(XXT)_é, (32)
jeJ

where J C {1,...,q} consists of precisely k elements. Consequently, if k > q, then no such subset J

can exist and therefore L' restricted to My, cannot have any critical points.
(2) If W is a critical point of L (so that W has the form (B2))), then

1
LYwW) = 5 tr(YY") =Y o
jeJ

It follows that the critical point W is a global minimizer of L* on My if and only if
{O'j j S J} = {017...,0k},

i.e., the set J picks precisely the k largest singular values of Q. In particular, if k = q, then there

cannot be any saddle points. Recall that there are no critical points if k > q because of (1).

Proof. For X = T see the proof of [2I, Theorem 28]. To obtain the general case we observe that

1

1 1 1
LYW) = S [WX = Y[} = S [WXXT)? - YXT(XXT) 27+ C = S [W(XXT): - QI +C.

wn

where O := 3[|Y||2 — 1[|Q||3 does not depend on W. Since X X7 has full rank, the map W — W (XX7)7 i
invertible (on any My,). Therefore the critical points of the map W %HW(XXT)% —Q||% restricted to My,
are just the critical points of the map W — Z||W — Q||% (restricted to M) multiplied by (XXT)~z. Now
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we substitute the results of [2I, Theorem 28] on the critical points of the map W+ 1||W — Q||% restricted

to My, (which are just as claimed here in the case X = I) and we obtain the claim of the proposition. O

Proposition 32. The function L' on My, for k < n satisfies the strict saddle point property. More precisely,

all critical points of L' on My, except for the global minimizers are strict saddle points.

Proof. If k > g = rank(Q) then there are no saddle points by Proposition so that the statement holds
trivially. Therefore, we assume k < ¢ from now on. By Proposition it is enough to show that the
Riemannian Hessian of L' has a negative eigenvalue at any point of the form
W = Z ajujva(XXT)*%,
JjeJ
where J C {1,...,q} consists of precisely k elements and has the property that there is a jo € J with

0j, < 0k. Thus there is also a ¢, € {o1,...,01} with o, > 0;, and j; & J. We define for ¢t € (—1,1):
wj, (t) = tuj, + V1 —t2u;, and vj, (t) = tvj, + V1 — t2vj,.

Now consider the curve v : (—=1,1) — M}, given by

_1
Y1) = | joujo (v (T + > ojuf | (XXT) 72
J€T3#50

Obviously we have v(0) = W. We claim that it is enough to show that

= L)

s <0.

t=0

Indeed, by it holds (for any Riemannian metric g) that

S 00) =g (0) Hess” L )3(0) +9 30 72 (0.

<0
t=0

and hence that Hess? L1 (W) has a negative eigenvalue in this case. (Note that Hess? L'(W) is self-adjoint

and since VIL!(y(0)) = VILY(W) = 0, it follows that g (¥(0), Hess? L (W)#(0)) < 0 if %Ll(y(t))

with respect to the scalar product g on Ty (My) and that it cannot be positive semidefinite (wrt. g) if
g (7(0),Hess? L*(W)#(0)) < 0, hence it has a negative eigenvalue in this case.)

‘We note that

L}(1(1)) = 20X — Y[ = 3 e (730X XT —29(0)XYT + YY), (33)
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We compute

gjovju( ujo E : 0jUjU; Ujoujo( Ujo E UJuJ

geJJ;ﬁJo JGJ]#]O
Z a?vjva + UJQ'OUjO (t)vjo (1)
j€I\{jo}

so that

_1 _1
(O OXXT) = o [ (XXT) 2 [ 30 02wl + 02 v (v (07 | (XXT) X XT

J€\{jo}
2
= Z"j-
jed

In particular, this expression is independent of ¢. Further,

tr(=2y(t) XY7T) = —2tr TjoUjo (B)vj, (T Z ojUv J (XXT)*%XYT
JeJﬁfjo
= —2tr Ojoujo( U]o Z 0ju;v _] QT
J€J,3#5o0
q
T
= =2tr | | ojou, ()vj, (t Z ojU;v J Zojvjuj
JE€J,j#jo j=1
= —2tr (Jjoujo (t)vjo (t)T(JJovjou]o + 05, V5, U gl Z 02
JE€Jj#jo
= —2(0} (1 = t*) + t?0j,05,) — Z o5
Jje€J,j#jo

=2t%0,, (0, — 0j,) — 2 Z 0]2».
jeJ

Together with equation it follows that

This concludes the proof. O

We note that a construction similar to the curve constructed in the preceding proof is considered in the

proof of [2I, Theorem 28]. However, it is not discussed there that this implies strictness of the saddle points.

6.4. Strict saddle points of L". Before discussing the strict saddle point property, let us first investigate

the relation of the critical points of LY and the ones of L! restricted to M,., where
r = min{do, ds,...,dn}.

Throughout this section we assume that X X7 has full rank.
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Proposition 33. (a) Let (Wy,...,Wy) be a critical point of L~. Define W = Wy ---W; and let
k:=rank(W) <r. Then W is a critical point of L' restricted to My.
(b) Let W be a critical point of L' restricted to My for some k < r. Then there exists a tuple

(Wi,...,Wy) with Wy --- Wy, = W that is a critical point of L.

Proof. For (a), let Z € Ty (My) be arbitrary, i.e., Z = WA + BW for some matrices A € R%*d and
B € R%Xds Tt suffices to show that for a curve v : R — M; with v(0) = W and %(0) = Z that

4L (v(t))|,_, = 0. We choose the curve
v@t) = Wy +tVy) - Wy_q--- Wa - (W1 + V), (34)

where Vi = W1 A and Viy = BWy. Then, indeed v(0) = Wy --- W7 = W and 4(0) = WyWy_1--- W1 A+
BWy --- Wy = Z. Next, observe that

d d
—L'(~(t)) = —LN(Wy +tVi, Wa, ..., Wn_1,Wn +tVy)
dt o dt —o
= (VLY (Wy,...,Wy),(V1,0,...,0,Vy)) = 0,
since (W1y,...,Wy) is a critical point of L. Since Z was arbitrary, this shows (a).

For (b) we first note that by Lemma for a point (Wy,...,Wx) to be a critical point of LY, it suffices
that
WXXT -yXT Wl =0 and WIWXXT-vXxT)=o0. (35)

This is equivalent to
WXXTWT =Q(XXT)y:wl and WEWXXT = WEQ(XXT)3. (36)
Since W is a critical point of L! restricted to My, we can write

W = Z ajujva(XXT)*%,
Jje€J
where J C {1,...,q} consists of k elements, see Proposition We write J = {j;,,-..,Ji,} to enumerate
the elements in J. For i, € N with ¢ <[ we denote by egl) the i-th standard unit vector of dimension [ (i.e.,
it has [ entries, the i-th entry is 1 and all other entries are 0). Now we define

k
Wii=Y el (xXT)" 3,
i=1

k
W;:= Zegdl)(e(d’_l))T forl=2,...,N —1,

A
i=1
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k
Wy = Zgjiuji (eEdNil))T'
i=1
Since k < r this is well defined and one easily checks that
Wy Wi =Y ojuel (XXT)"2 =W
jeJ

and that the conditions in [36] are fulfilled (recall that @ = > oyu;vl ). O

Let us now analyze the Hessian of L" in critical points.

Proposition 34. Let (Wy,...,Wy) be a critical point of LY such that W = Wy --- Wy has rank(W) = k.
If W is not a global optimum of L* on My, then (Wy,..., W) is a strict saddle point of L™ .

Proof. Since (W1y,...,Wy) is a critical point of LY, the matrix W = Wy --- W is a critical point of L!
restricted to My, by Proposition [33] (a). Since W is not a global optimum of L' on M}, it must be a strict
saddle point of L' on My, by Proposition Therefore, there exists Z € Ty (My) such that (for some
Riemannian metric g) it holds g(Hess? LY(W)Z, Z) < 0. Write Z = WA + BW and choose again the curve
with Vi = W1 A and Vy = BWy. Then

2
%Ll(y(t)) = gw(Hess? LY(W)Z, Z) < 0.
t=0
On the other hand
d2 d2
0> —=L'(y(t))| = 5 LNWi+tVi,Wa,... . Wxn_1, Wy +tVy)
dt o dt o

= (Hess LV (W)(V4,0,...,0, Vi), (V1,0,...,0,Vx)),

which implies that Hess LY (W) is not positive semidefinite, i.e., has a negative eigenvalue. In other words,

(W1,...,Wpy) is a strict saddle point. O

We note that the global minimizers of L' restricted to My for some k < r are not covered by the above
proposition, i.e., the proposition does not identify the corresponding tuples (Wy,...,Wy) (such that the
product W = Wy ---Wj is a global minimizer of L' restricted to M) as strict saddle points of LY. (In
the language of [21] such points are called spurious local minima and they may lead to saddle points of L,
see also Propositions 6 and 7 in [21I].) The above proposition does not exclude that such points correspond
to non-strict saddle points of L. In fact, in the special case of k = 0, the point (0,...,0) is indeed not a
strict saddle point if N > 3 as shown in the next result, which extends [I2, Corollary 2.4] to the situation

that X X7 does not necessarily need to have distinct eigenvalues.
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Proposition 35. If XY £ 0, the point (0,...,0) is a saddle point of L™V, which is strict if N = 2 and not
strict if N > 3.

Remark 36. Note that if XY =0, then (0,...,0) is a global minimum of L™ .

Proof. For convenience, we give a different proof than the one in [I2 Corollary 2.4]. It is easy to see that
Vw, LN(0,...,0) = 0 for every j = 1,..., N so that (0,...,0) is a critical point of L. Consider a tuple
(Vi,...,Vy) of matrices, set Z = Viy--- V5 and

() = (tVN) - (tVN_1) -+~ (tV1) =tV Z.
Note that by

LY (V1. tVN)) = L' (7(t)) = %tr(’y(t)Tv(t)XXT —29()XYT +vYT)

1 1
= 5t?N tr(ZTZXXT) —tN tr(ZXYT) + 3 tr(YYT).

Hence,
d? d?
@LN(WI, L tVN)) = @Ll(y(t)) = N@2N - )2V 24027 ZX XT) - N(N — DtV 2 tr(ZXY7T).

Note that tr(Z7ZXXT) > 0. Recall also that N > 2. Since XY7T = 0, there clearly exist matrices
(Vi,..., V) such tr(ZXYT) > 0 for Z = Vy--- Vi, so that LY (tVi,...,tVx) < LY(0,...,0) for small

enough ¢. Hence, (0,...,0) is not a local minimum, but a saddle point. Moreover,
N &
(Hess LN(0,...,0)(V4,...,VN),(Vi,...,VN)) = @Ll(y(t))
t=0

—2tr(ZXYT) ifN=2
0 if N >3

If N =2, we can find matrices V1, Va such that tr(ZXY7) > 0 for Z = V5V so that (0,0) is a strict saddle
for N = 2. If N > 3 it follows that Hess L (0,...,0) = 0 so that (0,...,0) is not a strict saddle. O

In the case N = 2, the following result implies that all local minima of L? are global and all saddle points

of L? are strict.

Proposition 37. Let N = 2 and k < min{r, ¢}, where r = min{dy,dy,d2} and ¢ = rank(Q). Let W be
a global minimum of L' restricted to My, i.e., W = ZjeJUjujv]T(XXT)_%, where |J| =k and {o; : j €
JY ={o1,...,01}. Then any critical point (W1, W) € RI>*do x REXdr sych that Wy - Wy = W is a strict
saddle point of L?.
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Proof. For k € R\ {0} and u € R%, v € R4, w € R% with uTu =1 and vTv = 1 we define the curve
y(t) = (Wy + tkuv?) - (W1 + te tow®) = W + t(kuv Wy + k71 Wovw™) + t2uw®.
Then by
LWy + tetow®, Wy + tkuv®) = LY (y(t)) = %tr(v(t)T’y(t)XXT — 2y XYL +YYT).
We compute
y(#)Ty(t) =t (WlTvuTWQUwT + (WEouT Wovw™)T + 2W oWy + k20 Wi Wavw™ + wu W
—l—WTuwT) + terms which are not of order #2.

It follows that
d2
@Ll(y(t)) =tr ((WlTvuTWQUwT + (WEvu Wavw™)T 4+ &2W v W,
+ﬁ72vaW2TW2va +wuTW + WTuwT)XXT - 2uwTXYT) .

Let us now choose the vectors u, v, w. Note that since (W7, Ws) is a critical point of L?, we have WgT(WXXT—
YXT)=0 by Lemma point 1, and hence
q
1
WQT(Z Ujujv;fp — Zojujvjr)(XXT)? =0.
jeJ j=1

Since XX has full rank it follows that for any jo € {1,...,¢} \ J we have W u;, = 0. Since k < g such a
Jo exists. Thus we may choose jo € {1,...,q}\ J and define u = u;, and w = (XXT)‘%%.

If the kernel of WlT is trivial then d; < do and W37 has rank d;. It follows that then the kernel of W5
cannot be trivial since otherwise W5 would be injective and the rank of W = W5W; would be d;. But the
rank of W is k < r < d;. Hence we may choose v as follows: We choose v to be an element of the kernel of
W with |lv]|2 = 1 if such a v exists and otherwise we choose v to be an element of the kernel of Wy with
[oll2 = 1.

With these choices for u, v, w we have Wi vu? Wavw? = 0 and WTuw? = WI W] u; w? = 0 so that

d2
WLI(W(t)) = tr ((&*W{ oo Wi + £ 2wo” Wi Wovw”) X X7 — 20w XYT)
t=0
where at least one of the terms Wi vo? Wy and wv? Wl Wavw? vanishes. We have
q
tr(uw’ XY7T) = w" XY u = 0] (XXT)féXYTuj(J = vl QM uj, = v, Z o0 Uiy = 0.
j=1

Hence

—L*(y(t)) = r2tr (WITUUTVVlXXT) + K2 tr (vaWQTWQUwTXXT) —20j,.
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Since o, > 0 and since at least one of the terms W voT Wi X XT and wo? Wl Wavw? X X7 vanishes, we

can always choose k£ > 0 such that j—;Ll (v(t))‘ < 0.

As in the proof of Propositon this shows that (W7, Ws) is a strict saddle point. O

6.5. Convergence to global minimizers. We now state the main result of this article about convergence
to global minimizers. Part (b) of Theorem [38| for two layers generalizes a result in [0, Section 4], where it is
assumed that d, > d, and d, < min{dy,...,dy_1} on top of some mild technical assumptions on matrices

formed with X and Y (see Assumptions 3 and 4 of [9]).

Theorem 38. Assume that X X7 has full rank, let ¢ = rank(Q), r = min{do, . ..,dn} and let ¥ := min{q, r}.

(a) For almost all initial values W1(0), ..., Wn(0), the flow (@ converges to a critical point (W1, ..., W)
of LN such that W := Wy --- Wy is a global minimizer of L' on the manifold My of matrices in
RIN¥do of rank k := rank(W), where k lies between 0 and 7 and depends on the initialization.

(b) For N =2, for almost all initial values W1(0),..., Wn(0), the flow (5) converges to a global mini-

mizer of LN on R40Xd1 x  x RIN-1Xdn

By “for almost all initial values” we mean that there exists a set N with Lebesgue measure zero in

Rdoxdr ¢ x RIN-1%dN gych that the statement holds for all initial values outside N.

Proof. By Theorem [5, under the flow (5)), the curve (Wi(t),...,Wx(t)) converges to some critical point
(Wi,...,Wy) of LN. Let k be the rank of W := Wy ---Wj. Then k < r, by construction. But also k < ¢
because, if (W1,...,Wy) is a critical point of LY, then W as above is a critical point of L' restricted to
M;., by Proposition [33] (a). But we know that there are no critical points of L' in M}, with rank larger than
q because of Proposition 31| (a). This proves that 0 < k < 7.

If W is not a global minimizer of L' restricted to My, then (W7, ..., Wx) must be strict a saddle point of
LY because of Proposition By Theorem [27| only a negligible set of initial values W1 (0), ..., Wx(0) con-
verges to a strict saddle point of LY. All other initial values therefore converge to a limit point (W1, ..., Wy)
for which W = Wy - - - W is a global minimizer of L! restricted to Mj,. This proves part (a) of Theorem
Note that W being a minimizer of L' restricted to M}, does not imply that the corresponding matrix tuple
(Wi, ...,Wy) is a minimizer of LY. This happens only if the rank of W is as large as possible, i.e., if k = r.

In the case N = 2, Proposition shows that if the limit (W7, Ws) has the property that W = WyW;
is a global minimizer of L' in My but k < #, then (W, Ws) is a strict saddle point of L?. But we already
know that the set of initial values Wi (0), W2(0) that converge to a strict saddle point of L? is negligible.
We conclude that generically the solution of converges to a limit (W, Wa) for which W = WoWV; is a

global minimizer of L' on M;, with k& = 7, which implies that (W7, Ws) is a global minimizer of L. O
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Balanced initial values (W71(0),...,Wnx(0)) are of special interest as they give rise to a Riemannian
gradient flow on Mj. Unfortunately, Theorem does not allow to make conclusions about the set of
balanced initial values because this is a set of Lebesgue measure zero in R%1Xd0 x ... x RINXdn-1  We
are nevertheless able to derive the following convergence result by applying Theorem [27] to the Riemannian

gradient flow on My.

Theorem 39. Assume XX has full rank and let N > 2, ¢ = rank(Q), r = min{dp, ...,dx}, ¥ := min{q, r}
and k <r.
(1) For any initialization W (0) € R%*d= on My, there is a uniquely defined flow W (t) on My, for
t € [0,00) which satisfies (24).
(2) For almost all initializations W (0) € R%*ds on My, the above flow W (t) on My, converges to a
global minimum of L' restricted to My, or to a critical point on some M, where £ < k. Note that
for k > ¥ there is no global minimum of L' on My, so that then the second option applies. Here “for

almost all W(0)” means for all W(0) up to a set of measure zero.

Proof. Any W(0) € M, can be written as a product W(0) = Wy (0) - - - W1(0) for suitable balanced W;(0) €
Rdixdi-1j = 1,... N, where dy = d, and dy = d,, and the remaining d; (i.e. for i € {1,...,N —1}) are
arbitrary integers greater than or equal to k; compare the proof of Proposition or [3, Section 3.3]. If
Wi(t),...,Wn(t) satisfy equation (F]), then W (t) solves on My; see Corollary Since the W;(t) are
defined for all ¢ > 0 by Theorem [5} the first claim follows (see again Corollary [17|for the fact that W is well
defined, i.e., there are no other solutions in My).

To show the second claim, we first note that since the tuple (Wy(t),..., W (t)) satisfying converges
to a critical point of LY by Theorem |5 the flow W (t) converges for all initial values to some W that is
a critical point of L' on some M, where ¢ < k; see Proposition Since by Proposition all critical
points of L' on M, except for the global minimizers are strict saddle points, the second claim follows from

Theorem whose assumptions are satisfied because of Proposition [11] and Corollary O

The reason why we cannot choose k = 7 in Theorem |38| (a), i.e., state that the flow for N > 3 converges
to the global minimum of L' on M; for almost all initializations is that not all saddle points of LY are
necessarily strict for NV > 3. Nevertheless, we conjecture a more precise version of the previous result in the
spirit of Theorem Part (a) below is a strengthened version of the overfitting conjecture in [9], where

additional assumptions are made.

Conjecture 40. Assume that XX has full rank.

(a) The statement in Theorem[3§ (b) also holds for N > 2.
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(b) Consider the autoencoder case X =Y and let d =dy =dn. Let r = min;—1__nd;. Let A\ > ... >
Mg be the eigenvalues of XX and let ui, ..., uq be corresponding orthonormal eigenvectors. Let U,
be the matriz with columns uy,...,u,. Assume that A\, > A\y1. Assume further that W(0)U, has

rank r and that for all i € {1,...,r} we have
ul W(0)u; > 0, (37)

where W (t) = W (t)--- Wi(t). Then W(t) converges to Y, uul .
(¢) In the second claim in Theorem convergence to a critical point on some My, where { < k < F

happens only for a set of initial values that has measure zero.

Remark 41. Without the condition that ul W(0)u; > 0 for all i € {1,...,7}, the above conjecture (b) is

wrong.

Proof. Indeed, in the autoencoder case with N = 2 and r = 1 with W1(0) = ul and W5(0) = —u (which is
a balanced starting condition and W (0)U; has obviously rank 1), we show that W, Wy and W all converge
to the zero-matrix of their respective size. Write W7 = (aq,...,aq) and Wo = (B1,...,84)T. We may
assume that X X7 is a diagonal matrix with entries A\; > ... > Ay > 0. (In particular, the u; are given by

the standard unit vectors u; = e;.) Then the system , see also , becomes

d
& = =Ny B+ NBy, s (0) =6y,
=1

4 (38)
By =—=B; > Nai +Ajay,  B;(0) = =6
i=1
This system is solved by the following functions:
ay(t) = \/ﬁ, a;j(t) =0 for all j > 2, -
Bi(t) = ﬁ, B;(t) =0 for all j > 2.

Obviously, all o; and §; converge to 0 as ¢ tends to infinity. From this the claim follows. (By Theorem

this equilibrium is not stable, so this behavior may not be obvious in numerical simulations.) O

7. NUMERICAL RESULTS

We numerically study the convergence of gradient flows in the linear supervised learning setting as a
proof of concept of the convergence results presented above in both the general supervised learning case and
the special case of autoencoders. Moreover, in the autoencoder case the experiments also computationally

explore the conjecture (Conjecture of the manuscript.
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7.1. Autoencoder case. We study the gradient flow in the autoencoder setting, where Y = X € R%x™
in (3)) for different dimensions of X (i.e., d,, and m) and different values of the number N of layers, where we
typically use N € {2,5,10,20}. A Runge-Kutta method (RK4) is used to solve the gradient flow differential
equation with appropriate step sizes t,, = tg + nh for large n and h € (0,1). The experiments fall into two
categories based on initial conditions of the gradient flow: a) balanced — where the balanced conditions are
satisfied; and b) non-balanced — where the balanced conditions are not satisfied. Under a) we investigate
the general case in these balanced conditions where condition of Conjecture [40| is satisfied, but also a
special case were the balanced conditions are satisfied but condition of Conjecture |40| is not satisfied.
The results in summary, considering W = Wy --- W7 as the limiting solution of the gradient flow, that
is W = limy_yoo W(t), where W(t) = Wi (¢t)---Wi(t): We show that with balanced initial conditions,
the solutions of the gradient flow converges to U,U!, where the columns of U, are the r eigenvectors
corresponding to the r largest eigenvalues of XX”. The convergence rates decrease with an increase in

either d or N or both. We see similar results for the non-balanced case.

7.1.1. Balanced initial conditions. In this section and Sectionthe data matrix X € R%*™ ig generated
with columns drawn i.i.d. from a Gaussian distribution, i.e., z; ~ N(0,02%I,,), where o = 1/1/d,. Random
realization of X with sizes d, = d and m = 3d are varied to investigate different dimensions of the input
data, i.e., with 2V < d < 20N. For each fixed d, the dimensions d; of the W; € R%*di-1 for j =1,...,N
are selected as follows: We set dy = r = [d/2], where [-] rounds to the nearest integer, and put d; =
[r+(d=7)—-1)/(N=1)],j =2,...,N (generating an integer “grid” of numbers between d; = r and
dy =d, =d).

In the first set of experiments, we consider a general case of the balanced initial conditions, precisely
Wﬁ_l(O)WjH(O) = Wj(O)WjT(O), j=1,...,N —1, where condition of Conjecture is satisfied. The
dimensions of the W; and their initializations are as follows. Recall, W; € R%*di-1 for j = 1,..., N where
dy = dy = dy = d and d; = r is the rank of W = Wy --- W;. We randomly generate d; x d; orthogonal
matrices V; and then form W;(0) = Vj1g,4, UjT_1 for j=1,...,N, where U; € R%*41 is composed of the d;
columns of Vj, and I is the (rectangular) a x b identity matrix. For all the values of N and the different
ranks of W considered, Figure [I| shows that the limit of W (t) as t — oo is U, U, where the columns of
U, are r eigenvectors of X X7 corresponding to the largest r eigenvalues of X X7T. This agrees with the
theoretical results obtained for the autoencoder setting.

In addition, when W (t) converges to U,U; then || X — W (t)X|r converges to {/>,., cZ. This is also

tested and confirmed for N = 2,5,10,20, but for the purpose of saving space we show results for N = 2
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FIGURE 1. Convergence of solutions for the general balanced case. Error between W(t)
and U,U! for different » and d values. Top left panel: N = 2; top right panel: N = 5;
bottom left panel: N = 10; bottom right panel: N = 20.
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FIGURE 2. Convergence of solutions for the general balanced case. Errors between X and

W (t)X for different r and d values. Left panel: N = 2; right panel: N = 20.

and N = 20 in Figure [2l This depicts convergence of the functional L'(W (t)) to the optimal error, which
is the square-root of the sum of the tail eigenvalues of X X7 of order greater than r. Moreover, in the
autoencoder setting when N = 2 we showed in Lemma [45| that the optimal solutions are Wy = W{L. This

is also confirmed in the numerics as can be seen in the left panel plot of Figure
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FIGURE 3. Difference between W;(t) and Wa(t)T in the N = 2 settings, for left panel:

general balanced case; right panel: special balanced case.
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FIGURE 4. In the special balanced case, left panel: norm of W(t); right panel: errors

between W (t) and U,U? for different r and d values.

In the second set of experiments, we attempt to test Conjecture[40] by constructing pathological examples,
where we have balanced initial conditions, but W (0) violates condition of Conjecture Precisely, in
the case N = 2 we take W1(0) = VT and W5(0) = —V,., where the columns of V,. are the top 7 eigenvectors
of XXT. Such W(0) clearly violates the condition of the conjecture ul W (0)u; > 0 for all i € [r].

The hypothesis is that in such a setting the solution will not converge to the optimal solution pro-
posed in Conjecture Remark showed that in such a case the solution should converge to 0, that is
lim;_, oo W(¢) = 0. This can be seen in the left panel plot of Figure El The dip in the left panel shows that
W (t) is approaching zero in a first phase. However, probably due to numerical errors the flow escapes the
equilibrium point at zero. In fact, zero is an unstable point (a strict saddle point), so that, numerically, the
flow will hardly converge to zero. The right panel plot of Figure 4| shows very slow convergence to U,U!.

Moreover, the limiting solutions (despite slow convergence) satisfy Wy = Wi as shown in the right plot of

Figure 3|
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7.1.2. Non-balanced initial conditions. For W;(0), j = 1,..., N, we randomly generate Gaussian matrices.
The two plots in Figure [5| and the left panel plot of Figure |§| show that W (t) converges to U,UL. As in the
balanced case we can confirm that || X — W ()X | r converges to /> .., 02. On the other hand, for N = 2
in this case we see that Wa(t) does not converge to Wi (¢)T in contrast to the balanced case, as can be seen

in the right panel plot of Figure [6]

=

W) - .U ||

[IW () - U.U] |l
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FIGURE 5. Convergence of solutions of the gradient flow — errors between W (t) and U,U!

for different r and d values for left panel: N = 2, right panel: N = 5.
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FIGURE 6. Left panel: Errors between W (t) and U,U! for different r and d values for

N =10. Right panel: Errors between W(t) and Wy (¢)7T.

7.1.3. Convergence rates. Here the data matrix X € R%*™ is generated with columns drawn i.i.d.from a
Gaussian distribution, i.e., x; ~ N(0,02%1,, ), where o = 1/4/d,. Random realization of X with two different
values for d,; (as in above m = 3d) and different r, the rank of W (t), are used. For each fixed d, the dimensions
dj of the W; € R%>*di-1 are selected using an arbitrarily chosen r and setting d; = [r+(d—7r)(j—1)/(N—1)]

for j = 1,...,N. The value of r is stated in the caption of the figures. The experiments show very rapid
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convergence of the solutions but also the dependence of the convergence rate on N, d,, and r. We investigate
this for different values of N, d, and r, in both the balanced and non-balanced cases. Convergence plots
for the balanced initial conditions are shown in Figure [7] depicting smooth convergence. Similarly, we have
convergence rates of the non-balanced case in Figure[8] These plots also show a slightly faster convergence

for the balanced case than for the non-balanced case.
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FiGURE 7. Convergence rates of solutions of the gradient flow in the autoencoder case with
balanced initial conditions — errors between W (t) and W (T) for different N values, where

T is the final time. Dimensions Left panel: d, = 20, r = 1; Right panel: d, = 200, r = 10.
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F1Gure 8. Convergence rates of solutions of the gradient flow in the autoencoder case with
non-balanced initial conditions — errors between W (t) and W(T) for different N values,
where T is the final time. Dimensions Left panel: d, = 20, r = 1; Right panel: d, = 200,
r = 10.

7.2. General supervised learning case. Experiments were also conducted to test the results in the

general supervised learning setting to support theoretical results in Theorem and Propositions and
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We show results for N = 2,5,10,20, and two sets of values for d, and r (rank of W(t) and W,
the true parameters). The data matrix X is generated as in the autoencoder case and YV = WX , where
W = WN"'Wl, with Wj € R%*di-1 for j =1,...,N with dy = dy = d, = d and d, = r is the rank of
W. The entries of Wj are randomly generated independently from a Gaussian distribution with standard
deviation o = 1/\/@ The dimensions d; x d;_; of the W; for j = 1,..., N, are again selected respectively in
an integer grid, i.e., d; = [r+(dy —r)(j —1)/(N —1)], where r is arbitrarily fixed. The initial conditions are
generated as was done in the autoencoder case. We investigate the convergence rates for the balanced and
non-balanced initial conditions of the gradient flows. The results of the experiments are plotted in Figures
|§| and In these plots k is the rank of Q@ € R%*% defined in , and @ = UpX;Vj is the (reduced)
singular value decomposition, i.e., U, € R%*¥ and V}, € R%** have orthonormal columns and 3; € RF**

is a diagonal matrix containing the non-zero singular values of Q.
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FiGUrRE 9. Convergence rates of solutions of the gradient flow of the general supervised
learning problem depicted by convergence to W in (1) of Proposition with balanced
initial conditions for left panel: d, = 20, r = 2; right panel: d, = 200, r = 20.

With balanced initial conditions the plots of Figure |§| show convergence rates of the flow to W in (1)
of Proposition With non-balanced initial conditions the plots of Figure show convergence rates to
W in (1) of Proposition These results show rapid convergence of the flow and the dependence of the
convergence rate on N, r and d, with either balanced or non-balanced initial conditions. Note that W in
(1) of Proposition [31]is the same as the true parameters . This can be seen by comparing the left panel
plot of Figure [J] to the left panel plot of Figure [II] and the left panel plot of Figure [I0] to the right panel
plot of Figure

Convergence is slower for larger IV, and it seems not to depend on the initial conditions, balanced or

non-balanced, see the plots of Figures [J] and Equivalently, this can be seen from the error of the
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F1cURE 10. Convergence rates of solutions of the gradient flow of the general supervised

learning problem depicted by convergence to W in (1) of Proposition with non-balanced
initial conditions for left panel: d, = 20, r = 2; right panel: d, = 200, r = 20.

supervised learning loss shown in the plots of Figure for balanced initial conditions. There is much

stronger dependence on N in this setting than in the autoencoder setting.
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FIGURE 11. Convergence to the true parameters W for (dz = 20, r = 2) with left panel:

balanced initial conditions; right panel: non-balanced initial conditions.

7.3. Conclusion. To conclude the numerical section we summarise our results as follows. In the autoen-
coder case we confirmed that the solutions of the gradient flow converges to U,UZ!, while in the general
supervised learning case we confirmed convergence of the flow to W in (1) of Proposition Such con-
vergence occurs with either balanced or non-balanced initial conditions albeit a slight faster convergence in
the balanced than in the non-balanced. Secondly, in the autoencoder case we numerically confirmed the
hypothesis of Conjecture@land that Wy (t) = W1 (t)T as claimed for N = 2 with balanced initial conditions,
which does not necessarily hold with non-balanced initial conditions. Moreover, in both the autoencoder and

the general supervised learning setting we see that as the size (N, d,,r) of the problem instance increases
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FIGURE 12. General supervised learning errors with balanced initial conditions for dimen-

sions left panel: d, = 20, r = 2; right panel: d, = 200, r = 20.

the convergence rates decrease. In the autoencoder case we saw stronger dependence in d, and r than in

the general supervised learning case. On the other hand the dependence on N seems to be stronger in the

general supervised learning case than in the autoencoder case.
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APPENDIX A. PROOF OF PROPOSITION
The proof is based on the next lemma, which follows from [7].

Lemma 42. Let A € R™*™ B € R"*"  be positive definite matrices and Y € R™*™. Then, for p € N,

p > 2, the solution X € R™*"™ of the matriz equation

APTIX L AP2XB 4.+ AXBP 24 XBP =Y (40)
satisfies
: o]
X = M/ (tIp + AP) LY (L1, + BP) 141 /Pdt (41)
T 0
! X eary —-)BP g (141/p)
= e A Y e (t=8)BY gg ¢ = (1H1/P) g 42
sl “2)

Proof. The first formula is shown for n = m in [7], for matrices with eigenvalues in {z € C : z #
0,—m/p < argz < 7/p}. Positive definite matrices clearly have their eigenvalues in this set. Formula
extends to squares A, B of possibly different dimensions m,n. In fact, [7] first proves for A = B, see

[7, eq. (8)] and then extends the solution by the “Berberian trick” which introduces the block matrices

q A 0 7 0 Y % X111 Xqo
0 B 0 O Xo1 Xoo

If X solves > AP=iX Ai=1 = Y then the submatrix X = X;5 solves and one obtains ({I)). This
argument works for general m,n so that holds under the conditions of the lemma.

In the case that A = B, [7, eq. (15)] implies . The general case of possibly different A, B is then
established again by the Berberian trick as above. O
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Proof of Proposition[I0. We aim at applying Lemma for the matrices A = (WWT)l/N and B =
(WTW)YN in order to obtain a formula for Aj. Unfortunately, in the rank deficient case, these ma-
trices are only positive semi-definite and not positive definite. We will overcome this problem by using an
approximation argument. For u > 0, the matrices (uly, + WWT)YN and (uly, + WTW)YN are positive
definite and hence, the linear operator

N

A s RWXde o RAvxde - Ay (7) = S (uly, + WWT) T Z(uly, + WIW)'F

j=1

is invertible by Lemma |42 with inverse A;VI,U (R xde _y RdyXda

At (Z) = Sm(zﬂ /OOO ((t+wla, + WWT) " Z ((t +u)la, + WIW) " /N, (43)

Furthermore, Ay, maps Ty (M) into Ty (My) for all u > 0. Indeed, let W = USVT be the full singular
value decomposition of W with U, V being (square) orthogonal matrices and ¥ = diag(oy,...,0%,0,...,0).

If Z=WA+ BW € Ty (M) then for o, 5 > 0,
(uly, + WWT)Z(uly, + WTW)P
= Udiag((u+02)*, ..., (u+ o) u®, ..., u)WUTUSVT A(uly, + WTW)?
+ (uly, + WWH*BUSVTV diag((u+ 01)°, ..., (u+ op)’,u”, ..., uP))VT
= UXdiag((u+ 02)%, ..., (u+02)%,0,...,00VT A(uly, + WTW)?
+ (uly, + WWT)*BUE diag((u + 07)”, ..., (u+07)?,0,...,00V7T
=WV diag((u+ 2", ..., (u+0c2)*,0,...,00VT A(uly, + WIW)?
+ (uly, + WWT)*BU diag((u + 01)?, ..., (u+0})",0,...,00UTW.

The last expression is clearly an element of Ty (My) and by the formula for Ay, this implies that this
operator maps the tangent space Ty (My) into itself. Let us denote ﬁW,u s Tw(My) — Tw(My) the
corresponding restriction and by fl;vlu s Tw (M) — Tw (M) the restriction of the inverse map to Ty (My).
Clearly, (43]) still holds for the restriction fl;vlﬁu. Lemma |8 implies that the restrictions flwm and A;V%u
are both well-defined also for © = 0 with flw,o = Ay and fl;‘}?o = fl;vl. Moreover, the map u — flw,u is
continuous in v > 0 and, hence, also u — fl;[,%u is continuous in v > 0. We claim that also the right hand
side of with Z € Tyw (My,) is well-defined and continuous for all 4 > 0, which will give an inversion
formula for fl;vl by setting u = 0.

In order to show continuity of the right hand side of in u, we investigate uniform integrability of the
integrand for Z € Ty (My,). By Lemmalﬂwe can write Z = Py (2) = UP,UT Z(14, = VP.VT)+ ZVPVT,

where Py is the diagonal matrix from the lemma and W = UX V7 is the (full) singular value decomposition
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of W. In particular, the matrix ¥ € R%>9= has the singular values o; > ... > o} > 0 on the diagonal, with

all other entries equal to zero. For simplicity we write E = I;, — VP, V. Denoting

1 1 1 1
Ay = ((t I;, + 22~ =di , € Rbvxdy,
tu = ((t +u)lq, +357) lag(t+u+g% t+u+ol t+u t+u>
~ 1 1 1 1
Ao = (( Iy +3Te) 71 =di , € R%=xds
tw = ((E+ula, + 27%) lag<t+u+a% ttut+ol t+u t—i—u)
1 1
K= ((t I +220)71p, = di 0,...,0) € Riwxdy
v = ((t+ W)y, +55T) 1Py 1ag<t+u+0%, R ,
1 1

f(t,u = Pyp((t +u)ly, + X78) 7" = diag ( 0 ._.70) € R=xda

t+utol’ Ttdu+op

we have
((t+ s, +WW) ' Z((t+ s, + WIW) ' = UK, U ZEVA, V" + UA, U ZVE, V7.
Taking the spectral norm gives
1 ((t+u) gy + WWT) T Z ((t+u) g, + WTW) " [lasa < 20| Zlam00g 2(t+u) ™" < 2] Z a0y 2t
This estimate will be good enough for ¢t — 0, for any u > 0. For t — 0o we need a second estimate
1 ((t+u) s, + WWD) ' Z ((E+u) Ly, + WTW) ™ [lass
< I (A w)Tay + W)™ ol Zlaal) (64 ), + WTW) ™ oo
<1 Z)lzos2(t +u) 72 < | Z]| 252172,
which holds uniformly in u > 0 and follows from the fact that WW? and WTW are positive semidefinite.
Altogether, for Z € Ty (My,) the integrand in satisfies
(¢ + w)Iay + WWT) ™ Z (¢4 u)Ia, + WIW) " 1|5y < || Z]|asp min{oy 26 TN ¢=2H1/N Y

The latter function is integrable over t € (0,00) since N > 2, and hence, for all u > 0, the integrand in
(43) is uniformly dominated by an integrable function. By Lebesgue’s dominated convergence theorem and
continuity of u — ((t 4 u)lg, + VVVVT)f1 Z ((t+u)lq, + T/VTVV)f1 t1/N for all t € (0,00), the function
u fl;vl)u(Z) is continuous for all Z € Ty (My,). Altogether, we showed that

Aph(Z) = M/ (tly, + WWT) 7 Z (t1,, + WTW) ™ iVNat,  Z € Ty (My),
0

and this implies .
A similar argument based on proves . In the case N = 2, it can be shown as in [0, Theorem
VII1.2.3] and with the approximation argument above that
fl;vl(Z) = /OO e_t(WWT)%Ze_t(WTW)% dt,
0

which implies . O
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APPENDIX B. PROOF OF PROPOSITION [T]
Given a system {~v1,...,7,} of sufficiently smooth local coordinates on My, where n is the dimension of

My, the vectors &;(W) := 8%j(W), j=1,...,n, form a basis of the tangent space Ty (M). We need to

show that the maps
W= F; j(W) := gw (&(W), (W)

are continuously differentiable for all ¢, j. Note that the vector fields £;(W) are smooth in WW. We consider

the representation and introduce the functions
Kija(W) ==tr (t+ WWH LW (t+ WTW) T (W),

where we write (¢ + WWT) for (t1z, + WW7T) and likewise (t + WIW) = (tI, + WTW). For a function
f we denote the differential of f at A applied to Y by Df(A)[Y]. Denoting ¢;(W) = (t + WWT)~! and
(W) = (t + WITW) =1 the product rule gives, for W € My and Y € Ty (My,),

DE;j(W)[Y] = tr(De(W)[Y1&(W)1oe(W)E] (W) + tr(¢e(W)DEW)[Y e (W)ES (W) (44)
+ (¢ (W)&(W) Do (W)Y IE] (W) + tr(¢e(W)&(W )b (W) DES (W)[Y]).  (45)
The differential of the function ¢(A) = A~! satisfies Dp(A)[Y] = —A"1Y A~! so that
Do (WY = -t +WWDH)twyT +ywh)t+wwT)-1,
Dipy(W[Y] = =t + WIW) LWLy + YTW)(t + wTw)~L.

Let W = USVT be the (full) singular value decomposition of W, ie., U € R%w*dv ¥ ¢ RdexXds yith
Ut = 1, VIV =1, and ¥ = diag(oy,...,0%,0,...,0) € R%*d with gy > -+ > o4, > 0. The first term
on the right hand side of satisfies

tr((Dey(W)[Y1&(W ) (W)E] (W)
= —tr (E+WWH)TIWYT + YW (t + WWT) LW (E+ WEW) R (W)
Note that (t + WWT) "L (WYT + YWT)(t + WWT)~1 = Q + QT with

Q=t+wWwhH='wyTt+wwh)—?

11 1 1 11 1
= U diag S si=veeen— | UT(USVTYT)U diag S si == | UT
t+ oy t+o; t t t+ o1 t+oj t t
1 11 1
= Udiag | —25,...,—£_.0,...,0) VTYTU diag S T
t+ o7 t+ oy t+ o7 t+op t t

By Lemma [7]it holds

&(W) = Pw(&(W)) = URUTEW) Ly, = VEVT) + &W)VRVT =G (W) + G(W). (46)

?
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where P, = diag(1,...,1,0,...,0) (with k ones on the diagonal), (}(W) = UP,UT& (W) (1, — VP.VT)
and (W) = &(W)V P, VT. Note that also U and V are functions of W, which may be non-unique, but in
this case, we just fix one choice. Then we have

—E =B,

GOV)(t+WIW) T (W) = W) (t+ WIW)"HG W) + W) (E+ WIW) = (G W)™

J

+ G W)+ WIW)THGW)T + GW)(E+WIW)THGW)T

J

=:F3 =:Ey
Using cyclicity of the trace, we obtain
tr(QE;) = tr ( diag ! Tk _0,...,0) VTYTU diag 1 L 0.0
1 t—|—0’%7.”’t—|—0']37 gy t+af""’t+ai’ gy
1 1

1
xUT& (W) (I, — VP VTV diag (t

1
VT, —vP VDT WU
ST 1) VT~ VRYDENY ).

tr(QEs) = tr (diag ( 91 Tk

1
e 5.0,...,0 ) VIYTU diag
t+ o1 t+ oy t

1
0,...,0
+O_%’ 7t+0_2’ ) ) >

1 1
UTe¢(W)(1, — VP VTV di 0,...,0 ) VIeraw)u
X f( )( d, k ) lag(t+0%7 ’t+0'£7 ) 7) fj( ) )
1 1 1 1
tr(QE3) = tr ( di Lo %o, 0 VIYTU di s
I‘(Q 3) r<lag<t+0_% t+0_£77 ) 1ag t—‘rO’%’ 7t+0'}%’t’ vt

1
Ure,(W)V di 0,...,0 ) VI (1y, — VPV (W)U
X 61,( ) 1ag <t+0’%7 7t+012€7 5 5 ) ( dg k )gj ( ) 5
. o1 ok o 1 11 1
tr(QFE,) =tr | d 0,...,0) VY- Ud — e, =
I‘(Q 4) T<13g<t+0%7 ,t+0'12€7’ 7) 1ag(t+0%’ 7t+02’t7 at
1
UTg(W)V di 0,....0 ) Vi awyu ).
X f( ) 1ag<t+0%7 7t+0',?:77 7) 5]( )

Note that 1/(t + 0?) < min{1/¢,1/0?} for all ¢ > 0. Using Cauchy-Schwarz inequality for the Frobenius

inner product, the fact that |AB||r < ||A]l2=2||B||F, and unitarity of U and V', we obtain
[ te(QEo)| < Y IpI&W)pll&(W)lpo ™, £=1,2,3,4.

By continuity of & and &;, it follows that there exists a neighborhood U C My, around a fixed Wy € M,
(in which o (W) > ¢ > 0 for some ¢ > 0 and all W € U) and a constant C' > 0 (depending only on the
neighborhood) such that

[ tr(Q& (W) (t + WIW) e (W) < C|Y||[pt™"  forallt >0 and W € U.
In the same way, one shows the above inequality for Q replaced by Q7 and hence

| tr((Dge(W)[Y]E(W ) (W)E] (W) < 2C|Y||pt™"  for all £ >0 and W € U.
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Moreover, by the Cauchy-Schwarz inequality for the Frobenius inner product and since WW7 as well as

WTW are positive semidefinite, it holds

| tr((De (W) [Y]&(W )t (W)ET (W)
<E+WWHTHWYT £ YWt + WWT) 7 pll&(W)(E+ WIW) T (W))lr
<E+WWE) Bl + W) o WY T + YW pll& (W) plIE (W) 7

<22 WY T pll&(W)lp 1€ (W)l - (47)
Altogether, it holds, for a suitable constant C; > 0,
| tr((Dge (W) Y& (W )b (W)ET (W) < ChIY ||p min{t ™', ¢} for all t > 0 and W € U.
Let us now consider the second term on the right hand side of . As in , we obtain
(6660 (W) DE (W)Y [oe (WIEF (W)] < 472 [ DE (W)Y Nl l1ET (W) |-

By Lemma [7| we can write £;(W) = Pw (&;(W)) = ¢f(W) + (W) with ¢j(W) = UPUTE (W) (1a, —
VP, VT) and Cf(W) =& W)VPVT asin [{@#6). With E = I, — VP,V this gives

tr(ge (W) DE(W)[Y 1o (W)&5 (W)

= tr ((t+ WWH)TID&GW)[Y](t + WEW)THEG (W) + G (W))T)

. 1 1 T . 11 N\ o
= ; Y — ey ~
tr (dlag (t+0’%7 ’t+0']%70, 70) U Dgl(W)[ ]leag (t+0’%’ 7t+0_l%7 + 7t> 14 Eé-g (W)U>
1 1 1

. 1 1 L\ orog : T T
+tr(dlag(t+af"”’t+oi’t7”"t>U DfZ(W)[Y]leag( 0,...,0>V 13 (W)U)

t+o?" T t4od
By the Cauchy-Schwarz inequality for the Frobenius inner product it follows that
| te(¢e (W) D& (W)Y e (W)ET (W))] < 2 DE&(W)Y |15 (W) [ poy e
Since the &; are continuously differentiable there exists Co > 0 such that
| tr (¢ (W) DE(W)[Y e (W)E] (W) < Co||Y || pmin{t~',¢72}  forall t > 0 and W € U.
The terms in can be bounded in the same way as the ones in , hence

|IDK; ;:(W)[Y]| < C'||Y||pmin{t*,t 2} forallt>0and W € U.

It follows that fooo |DK; j.+«(W)[Y][t*/Ndt exists and is uniformly bounded in W € U. By Lebesgue’s dom-
inated convergence theorem, it follows that we can interchange integration and differentiation, and hence,

all directional derivatives of F; ; at W in the direction of Y exist and are continuous since DK ;.(W)[Y] is
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continuous in W for all Y € Ty (My). Hence, by , F; ; is (totally) continuously differentiable for all 4, j
with

. N oo
D v = 2R [T D e
T 0
Hence, the metric is of class C! as claimed.

APPENDIX C. SOME RESULTS ON FLOWS ON MANIFOLDS

Here we summarize some notions and results on flows on manifolds that can be found in [I4, Chapter
IV,2] to which we also refer for more details.
Let p > 2 be an integer or p = oo, let M be a (finite dimensional) CP-manifold and let £ be a vector field

of class CP~1 on M. An integral curve for ¢ with initial condition o € M is a CP~!-curve
viJ =M,
where J is an open intervall containing 0 such that
Y(t) =€&(y(t)) vie J and 5(0) = zo.

Theorem 43 (Theorem 2.1 in Chapter IV,2 in [I4]). If v1 : J1 = M and v2 : Jo» — M are integral curves

for & with the same initial condition then v, = 2 on J1 N Ja.

Let D(£) C R x M be the set of all pairs (¢, z¢) such that for any xg € M the set
J(wo) :=={t € R | (t,z0) € D(&)}

is the maximal open existence interval of an integral curve for £ with initial condition xy. For any xy € M,
this interval is non-empty (locally one can argue as in the case M = R™).
A global flow for & is a mapping
a:D(E) —-M
such that for all zp € M the map ¢t — (¢, z¢) for t € J(xp) is an integral curve for £ with initial condition
Zo, 1.e. a(0,z9) = zo and &(t,zg) = &(a(t, xp)) for any ¢ € J(xp). Note that by Theorem [43[ there is only

one such mapping «. For t € R let
Dy(§) :={z e M| (t,2) € D(§)}
and define the map ay;: Di(§) = M by ay(z) = a(t, x).

Theorem 44 (Theorems 2.6 and 2.9 in Chapter IV,2 in [14]).

1) The set D(€) is open in R x M and a is a CP~ -morphism.
(
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(2) For any t € R, the set D(€) is open in M and (for Di(§) non-empty) a; defines a diffeomorphism
of Dy(€) onto an open subset of M (namely oy (D(€)) = D_4(€)) and ;' = a_y).

APPENDIX D. THE NON-SYMMETRIC AUTOENCODER CASE FOR N = 2

Here we consider the optimization problem with N = 2 and the additional constraint that ¥ = X,
but we do not assume that Wy = Wif. We also assume balanced starting conditions, i.e., W2 (0)TW5(0) =
W1(0)W1(0)T. In this special case, we can use a more direct approach than in Section |§| to establish some
additional explicit statements below.

We write again d for d, = dy and r for d;. The equations for the flow here are:

Wy = -WIw,w XX + wixxT,
. (48)

Wy = -WoW XXTW] + xxTwW.
Next we analyze the equilibrium points of the flow and of the product W = W)W, again assuming
balanced initial conditions. We begin by exploring the equilibrium points of the flow by setting the

expressions in (48| equal to zero:

—WEWoW X XT +WiXXT =0,
(49)
W XXTWT + xXTwT =o.

If Wy € R¥" is the zero matrix then (since X X7 has full rank) it follows that is solved if and only
if Wy is the r x d zero-matrix, hence W is the d x d zero-matrix. The following lemma characterizes the

non-trivial solutions. (The second part of the lemma is a special case of Proposition [31| below.)

Lemma 45. The balanced nonzero solutions (i.e. solutions with Wy #0) of @) are precisely the matrices

of the form
Wo=UVT, w,=wI=vUuT, W=Ww,W,=U0U7, (50)

where U € RY*F for some 1 < k < r and where the columns of U are orthonormal eigenvectors of XX and
V € R™* has orthonormal columns.

In particular, the equilibrium points for W = WsW1 are precisely the matrices of the form

k
W = Z ujujr, (51)
j=1
where k € {1,...,r} and us,...,uy (the columns of U above) are orthonormal eigenvectors of X XT.

Remark 46. Note that W = 0 is also an equilibrium point of (@ which formally corresponds to taking

k=0 in (51).
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Proof. Since Wy # 0, the rank k of Wy is at least 1. The balancedness condition WQT Wy = W1W1T implies
that W, and W, have the same singular values. Since X X7 has full rank, the first equation of yields
WI = WEW,W,. Again due to balancedness, this shows that Wi = W, W{'W;. It follows that all positive
singular values of W7 and of W5 are equal to 1 and that Wy = WlT . The second equation of thus gives

the equation

(Iq — WoaWHXXTW, = 0. (52)

(The equilibrium points of full rank r could now be obtained using [22 Propositon 4.1] again, but we are
interested in all solutions here.) Since the positive singular values of Wy are all equal to 1, it follows that
we can write

k

WQWQT = ZululT,

i=1
where the u; are orthonormal. We extend the system wui,...,u; to an orthonormal basis wuq,...,uq of
R?. From 1) we obtain (Iy — WoWI)XXTWoWE = 0, hence Z] jgr Ujul X XT Zz Luiuf = 0 and

consequently
d

k
Z Z TXXTul ujul = 0.

j=k+1 i=1

It follows that for all j € {k+1,...,d} and for all i € {1,...,k} we have u] XX u; = 0. This in turn

implies that X X7 maps the span of ui, ..., u, into itself and also maps the span of ug1,...,uq into itself.
This implies that we can choose u1, ..., uq as orthonormal eigenvectors of X X”'. Thus we can indeed write
the (reduced) singular value decomposition of Wy as Wy = UVT, where the columns ug,...,u; of U are

orthonormal eigenvectors of X X7 and where V is as in the statement of the lemma. Since W7 = WJ and
W = WoWy, it follows that W, = VUT and W = UU” as claimed. Altogether, we have shown that the
equations are necessary for having a balanced solution of . One easily checks that Wy, Wy defined
by also satisfy , which shows sufficiency. This completes the proof. O

Corollary 47. Consider a linear autoencoder with one hidden layer of size r with balanced initial conditions
and assume that XXT has eigenvalues \y > ... > A\g > 0 and corresponding orthonormal eigenvectors

ULy .. ,Uq-

(1) The flow W(t) always converges to an equilibrium point of the form W =3 u , where Jy

jGJW
is a (possibly empty) subset of {1,...,d} of at most r elements.
2) The flow Wa(t) converges to UVT =: Wy, where the columns of U are the u;,j € Jy and V € R™¥F
J

has orthonormal columns (k = |Jw|) . Furthermore Wy (t) converges to Wi .

(3) If LY(W(0)) < %ZLT,#T_H Ai then W (t) converges to the optimal equilibrium W = 377 _, wjul
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(4) If A\r > Apy1, then there is an open neighbourhood of the optimal equilibrium point in which we have

convergence of the flow W (t) to the optimal equilibrium point.

Proof. The first and the second point follow from Lemma together with Theorem (Note that if
(W7, Ws) is an equilibrium point to which the flow converges then Wi, Wy are balanced since we assume
that the flow has balanced initial conditions.) To prove the third point, note that the loss of an equilibrium
point W = 3., wjul is given by LY(W) = $3, . Ai, where Ky = {1,...,d} \ Jw. This sum
is minimal for Jy = {1,...,7}. Among the remaining possible Jy, the value of L*(W) is minimal for
Jw ={1,...,r + 1} \ {r}, ie., Kw = {r,...,d} \ {r + 1}. Since the value of L'(W(t)) monotonically
decreases as t increases (as follows e.g. from equation ), the claim now follows from the first point. The

last point follows from the third point. O

The following result is an analogue to Theorem

Theorem 48. If k < and u1,...,u; are orthonormal eigenvectors of X XT which do not form a system
of eigenvectors to the r largest eigenvalues of XXT (in particular for k < r), in any neighborhood of the
equilibrium point W = 2?21 uju]T there is some W of rank at most v for which Ll(W) < LY(W). In

particular, the equilibrium in W is non-stable.

Proof. If k < r and W = Zle ujujT for orthonormal eigenvectors u; of X X7 then for any additional
eigenvector uy41 orthonormal to the u; and for any € > 0, we can choose W=w + 5Uk;+1uz;+1 to obtain
LI(W) < LY(W). Let now k = r. This case can be treated analogously to the proof of Theorem let
u; be one of the eigenvectors uq,...,u, whose eigenvalue does not belong to the r largest eigenvalues of
XXT. Let v be an eigenvector of X X7 of unit length which is orthogonal to the eigenvectors w1, ..., u,
and whose eigenvalue belongs to the r largest eigenvalues of X X”'. Now for any ¢ € [0, 1] consider u;(¢) :=
ev+V/1 —e2u;. Then W (e) := u;(e)ui(e)” + X7, ;4 uju] satisfies L' (W (e)) < L'(W) for e € (0,1]. From

this the claim follows. O

Remark 49. With the notation

wi 2d T dxd
V= ER* gnd C = XX+ € R**

W,

and assuming that C has full rank, the flow @ can be written as the following Riccati-type-like ODE.

. —-C 0 A0 0 0 0 o (0 I 0 C
V= | lLg+ 4% + 4% V. (53)
0 0 c-1 o 0 —1Iy 0 0 c 0



	1. Introduction
	Structure
	Acknowledgement

	2. Gradient flows for learning linear networks
	3. Convergence of the gradient flow
	4. Riemannian gradient flows
	5. Linear Autoencoders with one hidden layer
	6. Avoiding saddle points
	6.1. Strict saddle points
	6.2. Flows avoid strict saddle points almost surely
	6.3. The strict saddle point property for L1 on Mr
	6.4. Strict saddle points of LN
	6.5. Convergence to global minimizers

	7. Numerical results
	7.1. Autoencoder case
	7.2. General supervised learning case
	7.3. Conclusion

	References
	Appendix A. Proof of Proposition ??
	Appendix B. Proof of Proposition ??
	Appendix C. Some results on flows on manifolds
	Appendix D. The non-symmetric autoencoder case for N=2

